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Abstract. Biomolecular modeling is an active research area in computational biology. It studies the
structures and functions of biomolecules such as proteins via computer modeling and simulation. As in
other types of scientific computing, linear algebra is one of the most powerful mathematical tools for
biological computing. Here we review several subjects in biomolecular modeling, where linear algebra
has played a major role, including mapping from distances to coordinates in NMR structure determination,
solving the Procrustes problem for structural comparison, exploiting the structure of the KarleHauptman
matrix in protein Xray crystallography, computing the fast and slow modes of protein motions, and
solving the flux balancing equations in metabolic network simulation. The last subject actually involves
the modeling of a large biological system, something beyond conventional biomolecular modeling, yet of
increased research interests in computational systems biology.
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1. Introduction Biomolecular modeling is an active research area in computational biology. It studies the
structures and functions of biomolecules by using computer modeling and simulation [1]. Proteins are an
important class of biomolecules. They are encoded in genes and produced in cells through genetic
translation. Proteins are life supporting (or sometimes, destructing) ingredients (Figure 1) and are
indispensable for almost all biological processes [2]. In order to understand the diverse biological
functions of proteins, the knowledge of the threedimensional structures of proteins are essential. Several
structure determination techniques have been used, including Xray crystallography, nuclear magnetic
resonance spectroscopy (NMR), and homology modeling. They all require intensive mathematical
computing, ranging from data analysis to model building [3].
As in all other types of scientific computing, linear algebra is one of the most powerful
mathematical tools for biological computing. Here we review several subjects in biomolecular modeling,
where linear algebra has played a major role, including mapping from distances to coordinates in NMR
structure determination (Section 2), solving the Procrustes problem for structural comparison (Section 3),
exploiting the structure of the KarleHauptman matrix in protein Xray crystallography (Section 4),
computing the fast and slow modes of protein motions (Section 5), and solving the flux balancing
equations in metabolic network simulation (Section 6). The last subject actually involves the modeling of
a large biological system, something beyond conventional biomolecular modeling, yet of increased
research interests in computational systems biology [4].

a.

b.

c.

Figure 1 Example Proteins. Humans have hundreds of thousands of different proteins (e.g., hemoglobin protein, 1BUW, in blood
in 1a) and would not be able to maintain normal life even if short of a singe type of protein. On the other hand, with the help of
some proteins (e.g., protein, 2PLV, supporting poliovirus in 1b), viruses are able to grow, translate, integrate, and replicate,
causing diseases. Some proteins themselves are toxic and even infectious such as the proteins in poisonous plants and in beef
causing the Mad Cow Disease (e.g., prion protein, 1I4MD, in human in 1c).

2. Mapping from Distances to Coordinates: NMR Protein Structure Determination Let n be the
number of atoms in a given protein and x1, …, xn be the coordinate vectors for the atoms, where xi = (xi,1,
xi,2, xi,3)T and xi,1, xi,2, and xi,3 are the first, second, and third coordinates of atom i. Then the distance di,j
between atoms i and j can be computed with di,j = ||xi – xj||, where ||∙|| is the Euclidean norm. Define the
coordinate and distance matrices for the protein by
X o = { xi , j : i = 1,K, n , j = 1, 2, 3} and
D o = {d i , j : i , j = 1,K, n},

respectively. Then, if the protein structure and hence X° is known, D° can immediately be computed from
X°. Conversely, if D° is known or even partially known, X° can also be obtained from D°, but the
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computation is not as straightforward. The latter is known mathematically as the distance geometry
problem [5] and proved to be NPcomplete for general sparse distance matrices [6]. The solution of a
distance geometry problem with incomplete and inexact distances has been an important component of
NMR protein structure computing, where the coordinates of the atoms in a protein need to be determined
by using a set of interatomic distances or their ranges obtained mainly from NMR experiments [7]. Here
we consider a simple case when a complete set of exact distances is given for all the pairs of atoms in a
protein.
Assume that a solution X° does exist for a given D°. Then, ||xi – xj|| = di,j for all i, j = 1, …, n, and
|| xi ||2 - 2 xiT x j + || x j ||2 = d i2, j , i, j = 1,K, n.

Since the structure is invariant under any translation or rotation, we set a reference system so that the
origin is located at the last atom or in other words, xn = (0, 0, 0)T. It follows that
d i2,n - 2 x iT x j + d 2j ,n = d i2, j , i , j = 1,K , n - 1.

Define a new set of coordinate and distance matrices,
X = { xi , j : i = 1,K, n - 1, j = 1, 2, 3} and
D = {( d i2,n - d i2, j + d 2j ,n ) / 2 : i , j = 1,K, n - 1}.

Then, XXT = D and D must be of maximum rank 3 (Theorem 2.1). Solving this equation for X given D
would yield a solution X° to the distance geometry problem for distance matrix D°.
Theorem 2.1 The matrix D induced from a distance matrix D° in Rk is of maximum rank k. [5]
The equation XXT = D can be solved using singularvalue decomposition (SVD) [7]. Let D =
UΣUT be the singularvalue decomposition of D, where U is an orthogonal matrix and Σ a diagonal matrix
with the squares of the singular values of D along the diagonal. If D is a matrix of rank less than or equal
to 3, the decomposition can be obtained with U being (n1)×3 and Σ being 3×3. Then, X = UΣ1/2 solves
the equation XXT = D. Here the singularvalue decomposition requires at least O (n2) floatingpoint
operations [8].
Recently, Dong and Wu [9] have developed a more efficient algorithm called the geometric
buildup algorithm, which can find a solution for the above problem in O (n) floatingpoint operations.
The algorithm first finds four atoms that cannot be in the same plane and determine the coordinates for
the four atoms using, say, the SVD method just described with all the distances among them. Let xi = (xi,1,
xi,2, xi,3)T, i = 1, 2, 3, 4, be the coordinate vectors already determined for the four atoms. Then, the
coordinates xj = (xj,1, xj,2, xj,3)T for any remaining atom j = 5, …, n can be determined by using the
distances di,j from atoms i = 1, 2, 3, 4 to atom j. Indeed, xj can be obtained from the solution of the
following system of equations,
|| xi ||2 - 2 xiT x j + ||x j ||2 = d i2, j , i = 1, 2, 3, 4,

where xi and di,j, i = 1, 2, 3, 4 are known. By subtracting equation i from equation i+1 for i = 1, 2, 3, we
can eliminate the quadratic terms for xj to obtain
- 2( xi +1 - xi )T x j = ( d i2+1, j - d i2, j ) - (|| xi +1 ||2 - ||x i ||2 ), i = 1, 2, 3.

Let A be a matrix and b a vector, and
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é ( x 2 - x1 ) T ù
ê
ú
A = -2 ê ( x 3 - x 2 ) T ú ,
ê( x 4 - x 3 ) T ú
ë
û
é ( d 22, j - d 12, j ) - (|| x 2 ||2 - ||x 1 ||2 ) ù
ê
ú
b = ê( d 32, j - d 22, j ) - (|| x 3 ||2 - ||x 2 ||2 )ú.
ê( d 42, j - d 32, j ) - (|| x 4 ||2 - ||x 3 ||2 )ú
ë
û

We then have Axj = b. Since x1, x2, x3, x4 are not in the same plane, A must be nonsingular and we can
therefore solve the linear system to obtain a unique solution for xj. Here, solving the linear system
requires only constant time. Since we only need to solve n–4 such systems for n–4 coordinate vectors xj,
the total computation time is proportional to n (see [9] for more details).
The advantage of using the geometric buildup algorithm is that it is not only more efficient than
the SVD method, but also requires a smaller number of distances and is easier to extend to the problems
with sparse sets of distances [10]. The SVD method, on the other hand, requires all the distances, but it
can be used to obtain a better approximate solution to the problem if the distances contain some errors or
are not consistent [11]. The solution from the geometric buildup algorithm for such a case may or may
not be a good approximation, depending on the choice of the initial four atoms and hence the distances it
uses to build the structure.
Theorem 2.2 Let D = UΣUT be the singularvalue decomposition of D. Let V = U(:,1:3) and Λ =
Σ(1:3,1:3). Then, X = VΛ1/2 minimizes ||XXT D||F, where ||∙||F is the matrix Frobenius norm. [11]
Figure 2 shows two 3D structures of the p66 subunit of the HIV1 retrotranscriptase (1HMV), one
determined experimentally by Xray crystallography [12] and another computationally by solving a
distance geometry problem given the distances for all the pairs of atoms in the protein [9]. The RMSD
(see description in Section 3) for the two structures when compared on all the atoms is around 1.0e–04 Å,
showing that the two structures are almost identical. The subunit of the protein has 4,200 atoms. The
geometric buildup algorithm took only 188,859 floatingpoint operations to build the structure, while an
SVD method implemented using Matlab required 1,268,200,000 floatingpoint operations [9]. The
geometric buildup algorithm was 6,715 times faster.

Figure 2 3D structures of protein 1HMV p66 subunit. The
structure on the left was determined by Xray crystallography,
while on the right by solving a distance geometry problem
given the distances for all the pairs of atoms. The RMSD for
the two structures when compared on all the atoms is around
1.0e–04 Å. (Pictures produced by Qunfeng Dong.)

3. The Procrustes Problem for Protein Structure Comparison Let X and Y be two n×3 coordinate
matrices for two lists of atoms in proteins A and B, respectively, where xi = (xi,1, xi,2, xi,3)T is the coordinate
vector of the ith atom selected from protein A to be compared with yi = (yi,1, yi,2, yi,3)T, the coordinate vector
of the ith atom selected from protein B. Assume that X and Y have been translated so that their centers of
4

geometry are located at the same position, say, at the origin. Then, the structural similarity between the two
proteins can be measured by using the rootmeansquare deviation (RMSD) of the structures,
RMSD ( X , Y ) = min Q || X - YQ ||F / n ,

where Q is a 3×3 rotation matrix and QQT = I, and ||∙||F is the matrix Frobenius norm. The RMSD is
basically the smallest average coordinate errors of the structures for all possible rotations Q of structure Y to
fit structure X. It is called the Procrustes Problem for its analogy to the Greek story about cutting a person’s
legs to fit a fixed sized iron bed [8]. Note that X and Y may be the coordinate matrices for the same (A = B)
or different (A ≠ B) proteins and therefore, each pair of corresponding atoms do not have to be of the same
type (when A ≠ B). However, the number of atoms selected to compare must be the same from A and B (#
rows of X = # rows of Y).
RMSD calculation has been widely used in structural computing. A straightforward application is
for comparing and validating the structures obtained from different (Xray crystallography, NMR, or
homology modeling) sources for the same protein [13]. Even from the same source, such as NMR, multiple
structures are often obtained, and the average RSMD for the pairs of the multiple structures has been
calculated as an indicator for the consistency and sometimes the flexibility of the structures [14]. It has also
been an important tool for structural classification, motif recognition, and structure prediction, where a
large number of different proteins need to be aligned and compared [15].
In any case, the RMSD calculation seems requiring the solution of an optimization problem, as
suggested in its definition. The optimization problem is not so trivial to solve if a conventional optimization
method is to be used (such as a Newton or steepest descent method). Fortunately, an analytical solution to
the problem can actually be obtained with some simple linear algebraic calculations. To see this, we first
need a simple fact from standard linear algebra:
Theorem 3.1 Let A and B be two matrices. Suppose that A is similar to B, then trace(A) = trace(B).
In particular, trace(A) = trace(VTAV), for any orthogonal matrix V.
Now, note that
|| X - YQ ||2F = trace( X T X ) + trace(Y T Y ) - 2 trace(Q T Y T X ).

Therefore, minimizing ||X – YQ||F is equivalent to maximizing trace(QTYTX). Let C = YTX and C = UΣVT be
the singularvalue decomposition of C. Then, by Theorem 3.1,
trace(Q T Y T X ) = trace(Q T C ) = trace(Q T U ΣV T ) = trace(V T Q T UΣ ) £ trace( Σ ),

and Q = UVT maximizes trace(QTYTX) [8].
Theorem 3.2 Let C = YTX and C = UΣVT be the singularvalue decomposition of C. Then, Q = UVT
minimizes ||X – YQ||F. [8]
Based on the above analysis, RMSD (X, Y) for any given X and Y can be computed in the following
steps.
1. Computed the geometric centers of X and Y:
xc ( j) = [

n

å

yc ( j) = [

i =1
n

å

i =1

X ( i , j ) ] / n,

j = 1, 2, 3;

Y ( i , j ) ] / n,

j = 1, 2, 3.

2. Translate X and Y to the origin:
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X = X - en x cT , Y = Y - en y cT ,

where en = (1,…,1)T in Rn.
3. Compute C = YTX and its singularvalue decomposition C = UΣVT. Then,
Q = UV T , and
RMSD ( X ,Y ) = || X - Y Q ||F / n .

Figure 3 gives an example of using RMSD to compare NMR and Xray crystal structures. Three
structures of the second domain of the immunoglobulinbinding protein (2IGG) [16] are displayed in the
figure. The red structure was determined by NMR and was further refined later to become the green one.
The blue structure was determined by Xray crystallography. The RMSD value for the red and blue
structures is 1.97 Å, while for the green and blue structures is 1.75 Å, suggesting that the green structure
is indeed an improved structure [17].

Figure 3 NMR and Xray crystal structures of 2IGG. Two NMR
structures of 2IGG in red and green are superposed to its Xray crystal
structure in blue to find out which one is closer to the Xray crystal
structure. The RMSD for the red and blue is 1.97 Å and for the green and
blue is 1.75 Å. So the NMR structure in green is closer to the Xray
crystal structure than the one in red. (Picture produced by Feng Cui.)

4. The KarleHauptman Matrix in Xray Crystallographic Computing Xray crystallography has been
a major experimental tool for protein structure determination and is responsible for about 80% of 30,000
protein structures so far determined and deposited in the Protein Data Bank [18]. The structure
determination process involves crystallizing the protein, applying Xray to the protein crystal to obtain
Xray diffractions, and using the diffraction data to deduce the electron density distribution of the crystal
(Figure 4). Once the electron density distribution of the crystal is known, a 3D structure for the protein can
be assigned [19].
Let ρ: R3→R be the electron density distribution function for the protein and FH a complex number
called a structure factor representing one of the diffraction spots specified by an integral triplet H. The
electron density distribution function ρ can be expanded as a Fourier series with the structure factors FH as
the coefficients. In other words, FH is a Fourier transform of ρ.

r ( r ) = åH ÎZ 3 FH exp( -2piH T r ),
FH =

ò

R3

r ( r ) exp( 2piH T r )dr.

So, if we know FH for H in a large subset S of Z3, an approximation for ρ can be obtained by setting

r ( r ) = åH ÎS Ì Z 3 FH exp( -2piH T r ).
Unfortunately, the diffraction data provides only partial information for FH, i.e., the magnitudes of the
structure factors, but not the phases. How to recover the complete information for FH given only the
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magnitudes has thus been a great mathematical challenge known as the phase problem in Xray
crystallography [20].
Let H in S be ordered as H0, H1, …, Hn, where n is usually in the order of 10,000 in practice. Then,
a KarleHauptman matrix for the structure factors {FH : H = H0, …, Hn1} can be defined as
é FH 0
êF
H
K =ê 1
ê M
ê
êë FH n -1

FH n -1
FH 0
M
FH n - 2

L FH1 ù
L FH 2 ú
ú,
O
M ú
ú
L FH 0 úû

where
FH j =

ò

R3

r ( r ) exp( 2piH Tj r )dr ,

j = 0, 1, K, n - 1.

This is an important matrix in Xray crystallography computing, named after two Nobel Laureates, chemist
Jerold Karle and mathematician Herbert Hauptman, who received the Nobel Prize in chemistry in 1985 for
their work on solving the phase problem in Xray crystallography. The KarleHauptman matrix is
frequently used for computing the covariance of the structure factors [21] or the electron density
distribution that maximizes the entropy of a crystal system [22]. Here we consider a linear system formed
by a KarleHauptman matrix and demonstrate how the structure of the matrix can be exploited to achieve

Figure 4 Example Diffraction Image and
Electron Density Map. The left one is
the diffraction

image of

a 12atom

polygon generated by the program in [23].
The right one is the electron density map
of benzene generated by Stewart using
program DENSITY in MOPAC [24].

improved performance in related computing.
Let the system be given in the form Kx = h, where K is an n×n KarleHauptman matrix and h an
ndimensional complex vector. If a conventional method such as Gaussian Elimination is used, the solution
of the system usually takes O (n3) floatingpoint operations, which is expensive if n is larger than 1,000 and
if the solution is also required multiple times. However, because of the special structure of the matrix K, its
inverse can actually be computed easily in an unconventional way:
Theorem 4.1 If K is a KarleHauptman matrix, then the inverse of K is also a KarleHauptman
matrix and can be formed directly as

K -1

é E H0
êE
H1
=ê
ê M
ê
ëê E H n -1

E H n -1
E H0
M
E Hn -2

L E H1 ù
L EH2 ú
ú,
O
M ú
ú
L E H 0 ûú

where
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EH j =

ò

R3

r -1 ( r ) exp( 2piH Tj r )dr ,

j = 0, 1, K, n - 1. [25]

Note that since each element in the inverse matrix can be obtained by doing a Fourier transform for the
inverse of ρ and only n distinct elements in the first column are required to form the whole matrix, the
calculations can be done in O (n logn) floatingpoint operations by using the Fast Fourier Transform [26].
Once the inverse of K is obtained, the solution of the system can be formed with x = K–1h. However,
the matrix vector product still requires O (n2) floatingpoint operations. Note that K–1 as well as K has only
n distinct elements listed repeatedly in the columns of the matrix with each column having the elements in
the previous column circulated by one element from top to the bottom and then bottom to the top. This type
of matrix is called the circulant matrix. Let A be an ndimensional vector and C(A) an n×n circulant matrix
formed with the elements in A. Let B be another ndimensional vector. Then C(A)B is called the discrete
convolution of A and B [27]. With this definition, K–1h is actually a discrete convolution.
Theorem 4.2 Let A, B, a, b be ndimensional vectors. Suppose that A is the Fourier transform of a,
and B is the Fourier transform of b. Then, the discrete convolution C(A)B is equal to the Fourier transform
of a ∙ b = (a1b1, …, anbn)T. [27]
Based on the above theorem, if h is the Fourier transform of t, then K–1h can be computed by doing
a Fourier transform for ρ–1 ∙ t, where t can be obtained through an inverse Fourier transform for h. The whole
computation again takes at most O (n logn) floatingpoint operations.
In summary, because of the special structure of the KarleHaupman matrix, many related
calculations can be carried out much more efficiently than conventional methods, as demonstrated above.
Some direct applications of the above calculations can also be found in recent work by Wu, et al. [28] on the
development of a fast Newton method for entropy maximization in phase determination.
5. Calculation of Fast and Slow Modes of Protein Motions In a reduced model for protein, a residue is
represented by a point, in many cases, the position of Cα or Cβ in the residue, and a protein is considered as
a sequence of such points connected with strings [29]. If the reduced model of a protein is known, a
socalled contact map can be constructed to show how the residues in the protein interact with each other.
The map is represented by a matrix with its i,jentry equal to −1 if residues i and j are within, say 7Å
distance, and 0 otherwise. The contact matrix can be used to compare different proteins. Similar contact
patterns often imply structural or functional similarities between proteins [30].
The interaction among the residues can be described by an energy function. When a protein reaches
its equilibrium state, the residues in contact can be considered as a set of masses connected with springs. A
simple energy function can then be defined using the contact matrix of the protein. Suppose that a protein
has n residues with n coordinate vectors x1, …, xn. Let Γ be the contact matrix for the protein in its
equilibrium state.
o
ìï
Γ i , j = í - 1, || xi - x j || £ 7 A
ïî 0, otherwise

Γ i ,i = -

n

å

j =1

Γ i, j

i ¹ j = 1,K , n

. [30]

i = 1,K, n

Then, a potential energy function E for the system can be defined such that for any vector ∆x = (∆x1, …,
∆xn)T of the displacements of the residues from their equilibrium positions,
1
E ( Dx ) = k Dx T Γ Dx ,
2
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where k is a spring constant. According to statistical physics, the probability of the system having a
displacement ∆x at temperature T should then be subject to the Boltzmann distribution,
1
1
pT ( Dx ) = exp( - E ( Dx ) / k B T ) = exp( -k Dx T Γ Dx / 2k B T ),
Z
Z
where Z is the normalization factor and kB the Boltzmann constant.
The above model, called the Gaussian Network Model [31], can be used to find how the residues in
the protein move around their equilibrium positions dynamically and in particular, to estimate the socalled
meansquare fluctuation for each of the residues <∆xi, ∆xi>, i = 1, …, n. If the meansquare fluctuation is
large, the residue is called hot, and otherwise, is cold, which often correlates with the experimentally
detected average atomic fluctuation such as the Bfactor in Xray crystallography [19] and the order
parameter in NMR [32]. By using the simple Gaussian Network Model, the meansquare residue
fluctuations can actually be estimated with only some simple linear algebra calculations (instead of
numerical simulation), due to the following theorem.
Theorem 5.1 Let x1, …, xn be the equilibrium positions of the residues in a protein, Г the
corresponding contact matrix, and ∆x1, …, ∆xn the corresponding residue fluctuations. Let the
singularvalue decomposition of Г be given as Г = UΛUT. Then,
<Dxi , Dxi > =

1
Z

ò

R3 n

D xiT Dxi exp( - E ( Dx ) / k BT ) dDx =

n

å

k T U i , j Λ -j ,1j U i , j
j =1 B

/ k . [31]

Figure 5 shows the meansquare fluctuations calculated using the Gaussian Network Model for the
structure of protein 2KNT and the comparison with the Bfactors of the structure determined by Xray
crystallography. The two sets of values appear to be highly correlated. Based on Theorem 5.1, the
calculation of the meansquares fluctuations requires only a singularvalue decomposition of the contact
matrix for the protein.
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Figure 5 MeanSquare Fluctuations. The fluctuations (decreasing in order of red, green, blue) for protein
2KNT based on the meansquare fluctuations calculated with GNM (a) and the Bfactors determined by
Xray crystallography (b). The two sets of values (blue for a. and red for b.) show a high correlation (0.82) (c).
(Pictures produced by Di Wu.)

The Gaussian Network Model provides in some sense a coarselevel model for the conventional
normal mode analysis (NMA) [33], which is a method to find the fast and slow modes of the protein motion
at an equilibrium state by using the singular values of the Hessian matrix of the energy function. Usually,
the dynamic behavior of a protein of n atoms can be described by a system of equations as given in the
following form (with the masses of the atoms scaled to the unit values),
&x& = -ÑE ( x ),
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where x = {xi = (xi,1, xi,2, xi,3)T : i = 1, …, n} is the set of coordinate vectors of the atoms and E the potential
energy function of the system. At the equilibrium state x0, the energy function can be approximated by a
second order Taylor expansion:
E ( x ) » E ( x0 ) + Dx T H Dx / 2,

H = Ñ 2 E ( x 0 ),

where Δx = x – x0. It follows that
Dx&& = - H Dx.
Let the singularvalue decomposition of the Hessian H = UΛUT. Then the solution of the above system can
immediately be obtained:
Dx i ( t ) =

n

å

U i , ja j cos(w j t + b j ), w j = Λ j , j ,

j =1

where αj and βj can be determined by the system conditions and in particular

a 2j = 2 k BT Λj,1j ,
and ωj is called the jth mode of the protein motion [33]. The larger value the ωj has, the faster the
corresponding mode is. They are all determined by the singular values of H.
From the above solution, the meansquares fluctuation for each atom i can also be calculated,
n
1 t 2
1 n
<Dxi , Dxi > = lim t ® ¥
Dx i (t )dt =
U i , ja 2j U i , j =
k B T U i , j Λ -j ,1j U i , j ,
j
=
1
j
=
1
0
t
2
with i = 1, …, n [33]. If a reduced model is used, the formula still apply but yield the fluctuations for the
residues, and they are actually equivalent to those derived from the Gaussian Network Model, if the same
energy function is used:

å

ò

å

Theorem 5.2 The Gaussian Network Model is equivalent to the Normal Mode Analysis for
predicting the meansquares residue fluctuations of a protein, with the energy function defined for the
residues instead of the atoms and
E ( x ) = E ( x0 ) +

1
k D x T Γ D x.
2

6. Flux Balancing Equation in Metabolic Network Simulation A metabolic system is maintained
through constant reactions or interactions among a large number of biological and chemical compounds
called metabolites [34]. The reaction network describes the structure of a metabolic system and is key to the
study of the metabolic function of the system. Figure 6 shows the reaction network for an example
metabolic system of five metabolites given in [35].

Figure 6 Example Metabolic
b2

b3

D

v4

v1 : A → B
Networks. A, B, C, D, E are
v2 : B → C
metabolites; vj , j = 1,…,6 are

b1

A

v1

B

v2

v3 : C → B

v5

C

internal fluxes; bj , j = 1,…,4
v4 : C → D

v3

are external fluxes. Each flux
v6

System Boundary

E

b4

v5 : D → C
v6 : C → E

vj corresponds to an internal
reaction.
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Each metabolite has a concentration, which changes constantly. The rate of the change is
proportional to the amount of the metabolite consumed or produced in all the reactions. Let Ci be the
concentration of metabolite i. Let vj be the chemical flux in reaction j, i.e., the amount of metabolites
produced in reaction j per mole. Then,
dC i
=
dt

n

å

s
j =1 i , j

v j,

where si,j is the stoichiometric coefficient of metabolite i in reaction j, and si,j = ±k, if ±k moles of metabolite
i are produced (or consumed) in reaction j [36]. Let C = (C1, …, Cm)T be a vector of concentrations of m
metabolites, and v = (v1, …, vn)T a vector of fluxes of n reactions. Then,
dC
= S v,
dt

where S = {si,j : i = 1, …, m, j = 1, …, n} is called the stoichiometry matrix [36]. For example, for the system
in Figure 6, if both internal and external fluxes are considered, S is a 5 × 10 matrix and
v1

v2

v3

v4

v5

v6

b1

b2

b3

b4

0
0
0
0 -1 0
0
0 ù¬ A
é- 1 0
ê 1 -1 1
0
0
0
0 -1 0
0 ú¬ B
ê
ú
S=ê0
1 -1 -1 1 -1 0
0
0
0 ú¬C.
ê
ú
0
0
1 -1 0
0
0 -1 0 ú¬ D
ê0
êë 0
0
0
0
0
1
0
0
0 - 1úû ¬ E

Note that the fluxes are functions of the concentrations and some other system parameters.
Therefore, the above reaction equations are nonlinear equations of C. However, when the system reaches
its equilibrium, dC/dt = S v = 0, when the vector v becomes constant and is called a solution of the
steadystate flux equation S v = 0 [36]. The steadystate fluxes are important quantities for characterizing
metabolic networks. They can be obtained by solving the steadystate flux equation S v = 0. However, since
the number of reactions is usually larger than the number of metabolites, the solution to the equation is not
unique. Also, because the internal fluxes are nonnegative, the solution set forms a convex cone, called the
steadystate flux cone. Usually, a convex cone can be defined in terms of a set of extreme rays such that any
vector in the cone can be expressed as a nonnegative linear combination of the extreme rays,
cone ( S ) = {v =

l

å

i =1

wi pi , wi ³ 0},

where p = (p1, …, pl)T is a set of extreme rays [37]. An extreme ray is a vector that cannot be expressed as a
nonnegative linear combination of any other vectors in the cone. A set of vectors is said to be systematically
independent if none of them can be expressed as a nonnegative linear combination of others [35]. Since the
extreme rays can be used to express all the vectors in a convex cone, they are also called the generating
vectors of the cone.
Theorem 6.1 A convex cone has a set of systematically independent generating vectors. They are
also unique up to positive scalar multiplications. [35]
Based on this theorem, if the extreme rays of the convex flux cone of a metabolic network are
found, all the solutions for the steadystate flux equation can be generated by using the extreme rays. In
other words, the extreme rays provide a unique description for the solution space of the steadystate flux
equation, and can be used to characterize the whole steadystate capacity of the system.
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It is not trivial to find all the extreme rays of a convex cone in general. Several algorithms have
been developed specifically for finding the extreme rays of the convex flux cones of metabolic networks
[38]. A vector in such a cone corresponds to a metabolic pathway (formed by the nonzero fluxes). An
extreme ray therefore corresponds to a socalled extreme pathway of the system. A regular pathway can be
obtained by making a nonnegative linear combination of the extreme pathways.
Once the extreme pathways are found, many system properties can be analyzed and some can even
be optimized using certain optimization methods [35]. Here we show how specific system properties such
as pathway lengths and reaction participations can be obtained from the extreme pathways with some very
simple calculations.
Theorem 6.2 Let P be a matrix with each column corresponding to an extreme pathway of a given
metabolic network. Let Q be the binary form of P such that Qi,j = 1 if Pi,j ≠ 0 and Qi,j = 0 otherwise. Then, the
diagonal elements of QTQ are equal to the lengths of the extreme pathways, while the diagonal elements of
QQT show the numbers of extreme pathways the reactions participate in. [39]
Consider the example network in Figure 6 and let S be the stoichiometry matrix including the
columns for the internal (v1, …, v6) as well as external (b1, …, b4) fluxes. Then, by using an appropriate
algorithm (such as the one given in [37]), a matrix of 7 extreme pathways of the system can be found as
follows,
v1 v 2 v 3 v 4 v 5 v 6
é1
ê0
ê
ê0
ê
T
P = ê0
ê0
ê
ê0
êë0

b1

0 0 0 0 0 -1
1 1 0 0 0

0

1 0 1 0 0

0

1 0 0 0 1

0

0 1 0 1 0

0

0 0 1 1 0

0

0 0 0 1 1

0

b2

b3 b4

0ù ¬
0
0 0ú ¬
ú
- 1 1 0ú ¬
ú
- 1 0 1ú ¬
1 - 1 0ú ¬
ú
0
0 0ú ¬
0 - 1 1úû ¬
1

0

p1
p2
p3

,

p4
p5
p6
p7

where row i corresponds to extreme pathway pi, i = 1, …, 7. By forming the binary form Q for P and
computing
é3
ê0
ê
ê1
ê
T
Q Q = ê1
ê1
ê
ê0
êë0

0 1 1 1 0 0ù
2 1 1 1 0 0ú
ú
1 4 2 2 1 1ú
ú
1 2 4 1 0 2 ú,
1 2 1 4 1 2ú
ú
0 1 0 1 2 1ú
0 1 2 2 1 4 úû

and
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é1
ê0
ê
ê0
ê
ê0
ê0
QQ T = ê
ê0
ê1
ê
ê1
ê0
ê
êë0

0 0 0 0 0 1 1 0 0ù
3 1 1 0 1 0 2 1 1ú
ú
1 2 0 1 0 0 1 1 0ú
ú
1 0 2 1 0 0 1 1 0ú
0 1 1 3 1 0 1 2 1ú
ú,
1 0 0 1 2 0 1 1 2ú
0 0 0 0 0 1 1 0 0ú
ú
2 1 1 1 1 1 4 2 1ú
1 1 1 2 1 0 2 3 1ú
ú
1 0 0 1 2 0 1 1 2 úû

we obtain, from the diagonal elements of the matrices, the lengths of the pathways, p1: 3, p2: 2, p3: 4, p4: 4,
p5: 4, p6: 2, p7: 4, and the participations of the reactions in the extreme pathways, v1: 1, v2: 3, v3: 2, v4: 2, v5:
3, v6: 2, b1: 1, b2: 4, b3: 3, b4: 2. The offdiagonal elements of QTQ show the numbers of common reactions
in different extreme pathways. For example, (QTQ)3,4 = 2 means that p3 and p4 share two common reactions,
and (QTQ)3,5 = 1 means that p3 and p5 has one common reaction. The offdiagonal elements of QQT show the
numbers of extreme pathways in which different reactions participate. For example, (QQT)2,3 = 1 means that
v2 and v3 participate in one extreme pathway together, and (QQT)2,8 = 2 means that v2 and b2 participate in
two extreme pathways together.
7. Conclusion In this paper, we have reviewed several subjects in biomolecular modeling, where linear
algebra has played a central role in related computations. The review has focused on simple showcases and
demonstrated important applications of linear algebra in biomolecular modeling. The subjects discussed are
of great research interest in computational biology and are related directly to the solutions of many critical
but challenging computational problems in biology yet to be solved, including the general distance
geometry problem in NMR, the phase problem in Xray crystallography, the structural comparison problem
in comparative modeling, molecular dynamics simulation, and biosystems modeling and optimization,
which we have not elaborated in detail in the paper, but the interested readers can further explore.
Linear algebra has also been used to support many basic algebraic calculations required for solving
other types of mathematical problems in biomolecular modeling, such as the optimization problems in
potential energy minimization [40], the initial value problem in molecular dynamics simulation [41], and
the boundary value problem in simulation of protein conformational transformation [42]. They are usually
straightforward or routine linear algebra calculations, so we have not covered them in the paper, but they
should be considered as equally important as the applications we have discussed.
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