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Abstract

How do spatial heterogeneity, habitat connectivity, and different movement rates among sub-
populations combine to influence the observed spatial patterns of an infectious disease? To find
out, we formulated and analyzed a discrete-time SIS patch model. Patch differences in local
disease transmission and recovery rates characterize whether patches are low-risk or high-risk,
and these differences collectively determine whether the spatial domain, or habitat, is low-risk or
high-risk. In low-risk habitats, the disease persists only when the mobility of infected individuals
lies below some threshold value, but for high-risk habitats, the disease always persists. When the
disease does persist, then there exists an endemic equilibrium (EE) which is unique and positive
everywhere. This EE tends to a spatially inhomogeneous disease-free equilibrium (DFE) as the
mobility of susceptible individuals tends to zero. The limiting DFE is nonempty on all low-risk
patches and it is empty on at least one high-risk patch. Sufficient conditions for the limiting DFE
to be empty on other high-risk patches are given in terms of disease transmission and recovery
rates, habitat connectivity, and the infected movement rate. These conditions are also illustrated
using numerical examples.
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1 Introduction

Recently, the influence of spatial heterogeneity on infectious disease outcomes has been explored
for spatially-discrete habitats using continuous-time patch models [7, 14, 20] and for spatially-
continuously habitats using both reaction-diffusion models [21, 26, 27] and integro-differential
equation models [24]. One of the main drawbacks of any deterministic continuous-time model
is that the multiple processes which combine to influence population dynamics (such as growth,
infection, and dispersal) must operate together at all times. However, discrete-time models suffer
no such limitation, and it is natural when using them to break time steps up into distinct stages so
that each process occurs separately. Such a modeling approach has proved successful in studying
the dynamics of many spatially-structured populations (e.g., [9, 17, 30, 31]), including those
subject to the influence of infectious diseases [5, 10, 11].

In this paper, we model infection and movement among n patches over discrete time intervals.
We assume that susceptible individuals (S) become infected (and infective, I) but do not develop
immunity. Eventually, any individual will recover, and upon doing so they immediately become
susceptible again. Thus, there are two compartments (susceptible and infected) in each patch and
the dynamics of this population is described by a system of 4n difference equations which together
constitute our discrete-time SIS epidemic model. We do not consider the effects of population
growth and other changes in demography, such as disease-related deaths. In each time step, we
assume that infection and recovery occur first (stage 1) and that individuals subsequently disperse
among the n patches in the habitat (stage 2). In the first stage, individuals within a patch either
contract the disease or recover from it based solely on local conditions within the patch. This
produces an intermediate number of susceptible and infected individuals within each patch, who
are then free to move between patches according to susceptible and infected dispersal matrices.
These matrices need not have the same structure so long as every patch is accessible from every
other patch. Characterizing different patches as low-risk or high-risk, and the habitat as a whole
as low-risk or high-risk, allows us to determine various conditions under which the disease can
invade or persist, and to describe the different equilibrium patterns that can arise.

In this investigation, we are particularly interested in studying equilibrium patterns of the
discrete-time epidemic patch model as the susceptible dispersal rate diminishes to zero. This
study therefore complements our prior research on a pair of related continuous-time epidemic
models: one a patch model [1] and the other a reaction-diffusion model [2]. Here, we show that
the discrete-time formulation of the disease model can exhibit dynamics and equilibrium patterns
that are quite similar to those that can occur for its two continuous-time cousins.

When A = (ajk) is a matrix and u = (uj) is a vector, we will use the notation (Au)j to denote
the j-th entry of the vector Au, i.e., (Au)j =

∑
k∈Ω ajkuk. Let 1n denote the vector [1, 1, . . . , 1]t

of n ones and In the n× n identity matrix.

1.1 Infection and recovery

Let Sj = Sj(t) and Ij = Ij(t) denote the number of susceptible and infected individuals in patch
j ∈ Ω = {1, 2, . . . , n} at time t ∈ T = {0,∆t, 2∆t, . . . }. We assume that

(A1) Sj(0) ≥ 0 and Ij(0) ≥ 0 for j ∈ Ω, and
∑

j∈Ω Ij(0) > 0.
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In the time interval [t, t + ∆t], let Ŝj = Ŝj(t) and Îj = Îj(t) be the number of susceptible and
infected individuals in patch j after infection and recovery but before dispersal. We assume that

Ŝj = (1−Θj)Sj + γjIj , j ∈ Ω,

Îj = ΘjSj + (1− γj)Ij , j ∈ Ω.
(1.1)

Here, Θj ∈ [0, 1] is the probability that a susceptible individual in patch j contracts the disease
in time ∆t, and γj ∈ [0, 1] is the probability that an infected individual in patch j recovers from
the disease in time ∆t. We assume that disease transmission is frequency-dependent, i.e.,

Θj = Θj

(
βjIj
Sj + Ij

)
(1.2)

for some patch-dependent transmission parameter βj ≥ 0 and function Θj(x). Moreover, we
assume that

(A2) Θj(x) is twice continuously differentiable on [0, βj ] and satisfies

(i) Θj(0) = 0 and Θ′j(0) = 1,

(ii) 0 ≤ Θ′j(x) ≤ Θj(x)/x for 0 < x ≤ βj ,
(iii) Θj(x) ≤ x for 0 ≤ x ≤ βj ,
(iv) Θj(βj) ≤ 1.

We remark that property (iii) actually follows directly from properties (i) and (ii), however,
because we use it repeatedly in later arguments, we list it separately.

Particular functional forms for Θj satisfying (A2) appear in the literature. For example, if the
number of infective encounters that each susceptible individual has in patch j follows a Poisson
distribution then

Θj = 1− exp
(
− βjIj
Sj + Ij

)
, (1.3)

(e.g., [3, 4, 18]). Letting xj = βjIj/(Sj + Ij) represent the average number of such encounters
in patch j, then σj(i) = (e−xjxij)/i! is the probability of i ∈ {0, 1, 2, . . . } such encounters. Since
successful encounters result in infection, the probability that a susceptible individual contracts
the disease is simply the probability of having at least one infective encounter, or 1 − σj(0) =
1− e−xj = Θj . A second functional form for Θj satisfying (A2) is

Θj = 1− (1− αj)zj ,

where αj is the probability that a susceptible individual contracts the disease after a single infective
encounter in patch j and zj = αjIj/(Sj + Ij) is the expected number of infective encounters [22].
Formally, this case corresponds to the previous one with βj = ln(1 − αj)−αj . A third functional
form for Θj satisfying (A2) is

Θj = 1−
[
1− 1

mj

(
βjIj
Sj + Ij

)]mj

,

where an individual in patch j has at most mj ∈ {1, 2, 3, . . . } infective encounters in each time
step and βj ≤ mj . In this case, Θj(x) = 1 − (1 − x/mj)mj , and in particular, if mj = 1 then
Θj(x) = x. As mj → ∞ then the probability that a susceptible individual has at least one
infective encounter is again given by (1.3).
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We say that in a low-risk patch disease transmission occurs at a lower rate than disease recovery
(βj < γj) and that in a high-risk patch the reverse situation holds (βj > γj). Let

H− = {j ∈ Ω : βj < γj} and H+ = {j ∈ Ω : βj > γj}

denote the set of these low-risk and high-risk patches, respectively. We assume that

(A3) H− and H+ are nonempty and H− ∪H+ = Ω.

We define the virulence of a patch to be νj = 1 + βj − γj . Thus, the virulence of a low-risk patch
is less than one and the virulence of a high-risk patch is greater than one. We define a sanctuary
to be a patch with zero virulence, i.e., a patch in which the disease can never be transmitted
(βj = 0) and recovery in one time step is always certain (γj = 1). We assume that the habitat
has no sanctuaries, that is

(A4) νj > 0 for every j ∈ Ω.

We define the activity of a patch to be βj + γj . We will sometimes assume that no patch has
activity greater than unity, i.e.,

(B1) βj + γj ≤ 1 for every j ∈ Ω.

Finally, let
B =

n∑
j∈Ω 1/νj

(1.4)

be the harmonic mean of the patch virulences. Since there are no sanctuaries, B is well-defined.
We say that Ω is a low-risk habitat if B < 1 and a high-risk habitat if B ≥ 1.

1.2 Movement

Let S = (Sj), I = (Ij), Ŝ = (Ŝj), Î = (Îj), S′ = S(t + ∆t), and I ′ = I(t + ∆t). We assume
that after infection and recovery occur, then individuals redistribute themselves throughout the
habitat according to

S′ = PŜ and I ′ = QÎ, t ∈ T. (1.5)

Here, the entries of the matrices P = (pjk) and Q = (qjk) are constants and they represent the
fraction of susceptible and infected individuals in patch k that move to patch j, respectively, in
the time interval ∆t.

We define a dispersal matrix to be a constant matrix which is doubly stochastic (i.e., stochastic,
symmetric, and nonnegative) and irreducible. We assume that

(A5) P and Q are dispersal matrices.

The irreducibility assumption implies that the system of patches considered as a directed graph
with patches as the vertices is strongly connected [25]. Other characterizations of irreducibility
are given in Allen et al. (2007a, Appendix A), and we will make use of them as needed.
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The assumptions on the parameters βj , γj , pjk, and qjk and the functions Θj(x) in (1.2) imply
that solutions (Ŝ, Î, S, I) to (1.1) and (1.5) are nonnegative for all time t ∈ T. Observe from (1.1)
that Ŝj + Îj = Sj + Ij for j ∈ Ω. Let

N(t) =
∑
j∈Ω

[
Sj(t) + Ij(t)

]
=
∑
j∈Ω

[
Ŝj(t) + Îj(t)

]
(1.6)

be the total population size at time t, and let N = N(0). Assumption (A1) implies that N is
positive. It follows from (1.1), (1.5), and the properties of P and Q that

N(t) ≡ N, t ∈ T. (1.7)

For an arbitrary patch j ∈ Ω, it will be convenient to define

Qj =
∑
k∈Ω

qjk, Q−j =
∑
k∈H−

qjk, and Q+
j =

∑
k∈H+

qjk.

For infected individuals, these sums denote the probability of moving from patch j to an arbitrary
patch (Qj), to a low-risk patch (Q−j ), and to a high-risk patch (Q+

j ), respectively. The properties
of Q imply that Qj = Q−j +Q+

j = 1 for all j ∈ Ω.

1.3 One parameter families of dispersal matrices

Let R = (rjk) be a dispersal matrix. Define

R(α) = αR+ (1− α)In, α ≥ 0,

and A(R) = {R(α) : R(α) is a dispersal matrix}. We say that R is a baseline dispersal matrix for
the family of dispersal matrices A(R). Of course, R = R(1) ∈ A(R) but In = R(0) /∈ A(R) because
In is not irreducible. In view of the definition of a dispersal matrix, we see that R(α) ∈ A(R) if
and only if 0 < α ≤ minj,k∈Ω {πjk}, where we set

πjk =

{
1
rjk
, j 6= k

1
1−rjj

, j = k.

If rjk = 0 or rjj = 1 then we define the corresponding πjk to be infinite. Observe that πjk ≥ 1
for all j, k ∈ Ω because R is stochastic. Therefore, {R(α) : 0 < α ≤ 1} ⊆ A(R).

Two interesting cases arise. The first is when the dispersal matrices P and Q are coupled
to the same baseline dispersal matrix and susceptibles diffuse slower than infected individuals.
Thus, we sometimes assume that

(B2) P,Q ∈ A(R) where R is a dispersal matrix, P = R(dS), Q = R(dI), and 0 < dS ≤ dI .

If this condition holds, then
P = dSR+ (1− dS)In,
Q = dIR+ (1− dI)In.

(1.8)

We will refer to the parameters dS and dI as diffusion coefficients.
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The second interesting case arises when Q belongs to a baseline dispersal matrix R whose
entries satisfy

rjk =

{
O(ε), j 6= k

1−O(ε), j = k,
(1.9)

because in this case A(R) = {R(α) : α > 0}. For simplicity, we will say that R is slight when its
entries satisfy (1.9) since it closely approximates the matrix representing no dispersal (In). Thus,
we sometimes assume that

(B3) Q ∈ A(R) where R is a slight dispersal matrix and Q = R(dI) with dI > 0.

1.4 The equilibrium problem

We will be interested in equilibrium solutions of (1.1) and (1.5), i.e., solutions of

Ŝj = (1−Θj)S̃j + γj Ĩj , j ∈ Ω, (1.10a)

Îj = ΘjS̃j + (1− γj)Ĩj , j ∈ Ω, (1.10b)

S̃j = (PŜ)j , j ∈ Ω, (1.10c)

Ĩj = (QÎ)j , j ∈ Ω, (1.10d)

where S̃j and Ĩj denote the number of susceptible and infected individuals in patch j ∈ Ω at
equilibrium, respectively, and Θj in (1.2) depends on S̃j and Ĩj rather than Sj and Ij . In view of
(1.6) and (1.7), we impose the additional condition∑

j∈Ω

(
S̃j + Ĩj

)
=
∑
j∈Ω

(
Ŝj + Îj

)
= N. (1.10e)

Observe from (1.10a) and (1.10b) that

Ŝj + Îj = S̃j + Ĩj , j ∈ Ω. (1.11)

Let S̃ = (S̃j) and Ĩ = (Ĩj). We are only interested in nonnegative solutions (Ŝ, Î, S̃, Ĩ) of (1.10). A
disease-free equilibrium (DFE) is a solution in which Ĩj = 0 for all j ∈ Ω. An endemic equilibrium
(EE) is a solution in which Ĩj > 0 for some j ∈ Ω. To distinguish between these two types of
equilibria, we will for notational convenience denote a DFE by (Ŝ, 0, S̄, 0) or just (S̄, 0) and an
EE by (Ŝ, Î, S̃, Ĩ) or just (S̃, Ĩ).

1.5 Statement of the main results

We consider in Sect. 2 properties of the DFE, including its existence, uniqueness, and stability.
Let M = (qjkνk) be the matrix obtained by weighting the k-th column of the infected dispersal
matrix Q by the virulence of the k-th patch. We remark that M is not, however, itself a dispersal
matrix. We show in Sect. 2.2 that its spectral radius ρ(M) < 1 (> 1) if and only if R0 < 1 (> 1),
where R0 is the basic reproduction number.

Theorem 1. Suppose that (A1)–(A5) hold and N is fixed. There exists a DFE, it is unique, and
it is given by (S̄, 0) where S̄j = N/n for j ∈ Ω. If R0 < 1 then I(t)→ 0 as t→∞ for all initial
conditions, but if R0 > 1 then I(t) 9 0 as t→∞ for some initial conditions, even in arbitrarily
small neighborhoods of the DFE.
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It is interesting to note that R0 does not depend on the susceptible dispersal matrix P .
When Q belongs to a family of dispersal matrices A(R) with baseline dispersal matrix R and

parameter dI , we can characterize the persistence of the disease in terms of the habitat type and
dI rather than R0. In particular, we show that the disease persists in a low-risk habitat if and only
if the diffusion coefficient for infected individuals lies below a certain threshold value (depending
on R), but in a high-risk habitat, the disease always persists.

Theorem 2. Suppose that (A1)–(A5) and (B3) hold and N is fixed.

(a) In a low-risk habitat (B < 1), there exists a threshold value d∗I ∈ (0,∞) such that R0 > 1 for
dI < d∗I and R0 < 1 for dI > d∗I ;

(b) In a high-risk habitat (B ≥ 1), we have R0 > 1 for all dI .

In Sect. 3, we show that when the disease persists, then there exists a unique EE. Moreover,
the disease persists in every patch.

Theorem 3. Suppose that (A1)–(A5) and (B1)–(B2) hold and N is fixed. If R0 > 1 then an EE
exists, it is unique, and Ĩ > 0.

Observe from (1.8), (1.10), and the properties of Θj that in the limiting case dS = 0 there also
exists a family of infinitely many spatially inhomogeneous DFEs (S̄, 0), each of which satisfies

S̄ ≥ 0 and
∑
j∈Ω

S̄j = N. (1.12)

In Sect. 4, we show that if R0 > 1 then the EE approaches such a spatially inhomogeneous DFE
as the mobility of susceptible individuals becomes very small. We write this limiting DFE as
(S∗, 0) and also consider the distribution of patches for which S∗ is either positive or zero.

Theorem 4. Suppose that (A1)–(A5) and (B1)–(B2) hold, N is fixed, and R0 > 1.

(a) (S̃, Ĩ)→ (S∗, 0) as dS → 0 for some S∗ satisfying (1.12);

(b) S∗ > 0 on H− and S∗j = 0 for some j ∈ H+;

(c) If
νj
(
Q−j + min

k∈H+
{νk}Q+

j

)
> 1 (1.13)

for all j ∈ H− then S∗ ≡ 0 on H+;

(d) If
νj
(
Q+
j + max

k∈H−
{νk}Q−j

)
< 1 (1.14)

for some j ∈ H+ then S∗j > 0.

We now make several remarks concerning Theorem 4, which connects spatial heterogeneity,
habitat connectivity, and rates of movement. First, Theorem 4 (c) immediately implies that if

min
j∈H−

{νjQ+
j } min

k∈H+
{νk} > 1 (1.15)



Allen et al. - Spatial patterns in a discrete-time SIS patch model 8

then S∗ ≡ 0 on H+. Although condition (1.13) is more inclusive than condition (1.15), the latter
is usually easier to verify. Second, if infected individuals in low-risk patches must always disperse
to high-risk patches (Q−j = 0 and Q+

j = 1 for all j ∈ H−), and if

min
j∈H−

{νj} min
k∈H+

{νk} > 1

then S∗ ≡ 0 on H+.
Third, Theorem 4 (d) implies that if

min
j∈H+

{
νj
(
Q+
j + max

k∈H−
{νk}Q−j

)}
< 1

then S∗ 6≡ 0 on H+. In particular, if infected individuals in high-risk patches must always disperse
to low-risk patches (Q+

j = 0 and Q−j = 1 for all j ∈ H+), and if

min
j∈H+

{νj} max
k∈H−

{νk} < 1

then S∗ 6≡ 0 on H+.
Fourth, if some low-risk patch is not directly connected to any high-risk patches (Q−j = 1 and

Q+
j = 0 for some j ∈ H−) then condition (1.13) will fail to be satisfied because low-risk patches

have virulence less than one. Similarly, if some high-risk patch is not directly connected to any
low-risk patches (Q+

j = 1 and Q−j = 0 for some j ∈ H+) then condition (1.14) will also fail to
be satisfied because high-risk patches have virulence greater than one. Finally, conditions (1.13)
and (1.14) will both fail to be satisfied whenever dI is sufficiently small, because in this case Q is
slight, i.e., it closely approximates In.

1.6 Examples

Before proving Theorems 1–4, we first illustrate the final theorem with some examples.

Example 1. If H− = {1, 2, . . . , n− 1} and H+ = {n} then Theorem 4 (b) implies that S∗ > 0 on
H− and S∗ = 0 on H+. For this case, condition (1.13) in Theorem 4 (c) may or may not hold but
condition (1.14) in Theorem 4 (d) cannot. That is, for this particular configuration of patches,
the assumption that R0 > 1 in Theorem 4 excludes the possibility that condition (1.14) can be
satisfied.

Example 2. Suppose that H− = {1}, H+ = {2, 3, . . . , n}, and that in each time step infected
individuals in the low-risk patch always disperse to high-risk patches and those in high-risk patches
always disperse to the low-risk patch. In this case, Theorem 4 (b) implies that S∗ > 0 on H− and
Theorem 4 (c, d) provides necessary and sufficient conditions (except in the case of equality) for
determining whether S∗ ≡ 0 on H+. In particular, if ν1 mink∈H+ {νk} > 1 then S∗ ≡ 0 on H+,
but if ν1 mink∈H+ {νk} < 1 then S∗ 6≡ 0 on H+.

Example 3. Suppose there are n = 100 patches arranged in a 10 × 10 grid and connected as in
Figure 1 (a). As illustrated in Figure 1 (b), the limiting DFE (with dS = 0) is positive on all
low-risk patches and is empty elsewhere, as predicted by Theorem 4 parts (b) and (c). For this
example, condition (1.13) is satisfied because νj

(
Q−j + mink∈H+ {νk}Q+

j

)
= 1.10 for all j ∈ H−.
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Example 4. Suppose there are n = 100 patches arranged and connected as in Figure 2 (a). As
illustrated in Figure 2 (b), the limiting DFE (with dS = 0) is positive not only on all low-risk
patches but also on nearly all high-risk patches (96 in all). The DFE is empty on the four remaining
high-risk patches: two in opposite corners of the habitat and two in the interior. Many of these
properties are predicted by Theorem 4 parts (b) and (d). For this example, condition (1.15) is
satisfied by the high-risk patch with coordinates (6, 3), for which νj

(
Q+
j + maxk∈H− {νk}Q−j

)
=

0.91.

2 The Disease-Free Equilibrium

Throughout this section, we assume that (A1)–(A5) hold and that N is fixed. Theorem 1 follows
from Lemmas 2.1, 2.2, and 2.3 and Theorem 2 follows from Lemma 2.5.

2.1 Persistence of the disease

First, we show that a unique disease-free solution exists, and it is spatially homogeneous.

Lemma 2.1. A DFE (S̄, 0) exists, it is unique, and it is given by S̄j = N/n for j ∈ Ω.

Proof. It is straightforward to see from (1.10) and the properties of Θj and P that (S̄, 0), with
S̄j = N/n for j ∈ Ω, is a DFE. Now, let (S̃, 0) be any DFE. Setting Ĩ = 0 in (1.10) leads to
S̃ = PS̃. The properties of P and the Frobenius Theorem ([19], Theorem 2, p. 53) imply that
S̃ ∈ 〈1n〉, as the eigenvectors S̃ and 1n both belong to the same principle eigenvalue µ = 1. In
view of (1.10e) with Ĩ = 0, we obtain S̃j = N/n for j ∈ Ω.

Let
mjk

def= qjk
(
1 + βk − γk

)
(2.1)

and M = (mjk). Since there are no sanctuary patches, the nonnegative matrix M has the same
digraph as Q and is therefore irreducible. We now show that the spectral radius of M controls
the behavior of the disease.

Lemma 2.2. If ρ(M) < 1 then I(t)→ 0 as t→∞ for all initial conditions.

Proof. Suppose that ρ(M) < 1, where M = (mjk) is as in (2.1). We will use the comparison
principle to show that I(t)→ 0 as t→∞. Observe from (1.5), (1.1), (1.2), and the properties of
Θj that if j ∈ Ω then

I ′j = (QÎ)j

=
∑
k∈Ω

qjk
[
ΘkSk + (1− γk)Ik

]
=
∑
k∈Ω

qjk

[
Θk

(
βkIk
Sk + Ik

)
Sk + (1− γk)Ik

]
≤
∑
k∈Ω

qjk

[(
βkIk
Sk + Ik

)
Sk + (1− γk)Ik

]
≤
∑
k∈Ω

qjk
[
βkIk + (1− γk)Ik

]
=
∑
k∈Ω

qjk
(
1 + βk − γk

)
Ik

= (MI)j .
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It follows that I ′ ≤ MI. The linear system x′ = Mx with x(0) = I(0) satisfies x(t) → 0 as
t→∞ because ρ(M) < 1. Furthermore, the nonnegativity of M implies that if I(t) ≤ x(t) then
I ′ ≤ MI ≤ Mx = x′. By induction, I(t) ≤ x(t) for all t ∈ T. We conclude that I(t) → 0 as
t→∞.

When the disease can persist, it can do so even when a very small number of individuals in
the population are initially infected.

Lemma 2.3. If ρ(M) > 1 then I(t) 9 0 as t→∞ for some initial conditions, even in arbitrarily
small neighborhoods of the DFE.

Proof. Linearizing (1.1) and (1.5) around the DFE (S̄, 0) produces the system of equations[
η′

ξ′

]
=
[
∂F/∂S ∂F/∂I
∂G/∂S ∂G/∂I

]
∗

[
η
ξ

]
where (S, I) = (S̄, 0) + (η, ξ), F = (Fj), and G = (Gj) all consist of vectors of length n, and

Fj(S, I) =
∑
k∈Ω

pjk
[
(1−Θk)Sk + γkIk

]
,

Gj(S, I) =
∑
k∈Ω

qjk
[
ΘkSk + (1− γk)Ik

]
.

The ∗–notation means that the given quantity is to be evaluated at the DFE. It suffices to examine
the behavior of ξ(t) as t→∞. Observe that

ξ′j =
(
∂Gj
∂S

)∗
η +

(
∂Gj
∂I

)∗
ξ.

We first compute (
∂Gj
∂S

)∗
η =

∑
k∈Ω

qjk

[(
∂Θk

∂Sk

)∗
S̄k + Θ∗k

]
ηk

= 0.

In the last step, we used the fact that Θ∗k = (∂Θk/∂Sk)∗ = 0. We now compute(
∂Gj
∂I

)∗
ξ =

∑
k∈Ω

qjk

[(
∂Θk

∂Ik

)∗
S̄k + (1− γk)

]
ξk

=
∑
k∈Ω

qjk
(
1 + βk − γk

)
ξk,

where this time (∂Θk/∂Ik)∗ = βk/S̄k. It follows from these calculations that ξ′j = (Mξ)j and
hence ξ′ = Mξ. Since M is nonnegative and irreducible, ρ(M) is an eigenvalue and it possesses a
positive eigenvector φ∗ by the Frobenius theorem [19]. Now let ε > 0 and set ξ(0) = εφ∗. Then
‖ξ(`∆t)‖2 = ε[ρ(M)]`‖φ∗‖2 →∞ as `→∞.
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2.2 The basic reproduction number

Here, we use the next generation matrix approach to calculate the basic reproduction number R0

[6, 13, 22, 23]. In particular, we will show that R0 < 1 (> 1) if and only if ρ(M) < 1 (> 1).
To calculate the next generation matrix, we separate new infections from other transitions

and reorder the states. For j ∈ Ω, let

Jj =
∑
k∈Ω

qjkΘkSk, Tj =
∑
k∈Ω

qjk(1− γk)Ik, and Fj =
∑
k∈Ω

pjk[(1−Θk)Sk + γkIk].

With J = (Jj), T = (Tj), and F = (Fj), the equations in (1.1) and (1.5) are equivalent to

I ′ = J + T and S′ = F .

As shown in Sect. 2.1, linearization of this reordered system about the DFE leads to[
ξ′

η′

]
=
[
(∂J /∂I)∗ + (∂T /∂I)∗ On

(∂F/∂I)∗ (∂F/∂S)∗

] [
ξ
η

]
.

Here, On is the n×n zero matrix. Next, let Jjk = qjkβk, Tjk = qjk(1−γk), and Bjk = pjk(γk−βk)
for j, k ∈ Ω. Then [

ξ′

η′

]
=
[
J + T On
B P

] [
ξ
η

]
,

where J = (Jjk), T = (Tjk), and B = (Bjk). In particular, ξ′ = (J + T )ξ = Mξ. Now, we
derive conditions which are equivalent to ρ(M) < 1 (> 1). Note that M = J + T is irreducible
and ρ(T ) < 1. The next generation matrix is well-known in discrete-time population dynamical
theory [12] and has the form

M = J(In − T )−1 = J(In + T + T 2 + · · · ).

Biologically, MI(0) represents the accumulated number of infections over all generations. The
basic reproduction number is now defined to be R0 = ρ(M), and it follows from Theorem 3.3 in
Li and Schneider ([23], p. 455) that R0 < 1 (> 1) if and only if ρ(M) < 1 (> 1).

2.3 An eigenvalue problem

Recall from the proof of Lemma 2.3 that if (S̄, 0) + (η, ξ) is a perturbation around the DFE then

ξ′j = (Mξ)j =
∑
k∈Ω

qjk
(
1 + βk − γk

)
ξk.

Suppose that ξ = λ̃tφ, where λ̃ ∈ R and φ = (φj) ∈ Rn. Then

λφj =
∑
k∈Ω

qjk
(
1 + βk − γk

)
φk, j ∈ Ω, (2.2)

where λ = λ̃∆t. Alternatively,

λϕj =
(
1 + βj − γj

)
(Qϕ)j , j ∈ Ω, (2.3)

where ϕj
def= (1 + βj − γj)φj and ϕ = (ϕj). As an aside, we remark that (2.3) is actually the

eigenvalue problem for the related half-step problem in which infection and recovery occur after
movement.
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Observe from (2.1) and (2.2) that Mφ = λφ, where M is nonnegative and irreducible. By the
Frobenius Theorem [19], the spectral radius of M is an eigenvalue, which we denote by λ∗. This
principal eigenvalue is positive and real, and its eigenspace is given by 〈φ∗〉 for some φ∗ = (φ∗j ) > 0.
The next result follows immediately from these remarks and the Frobenius Theorem.

Lemma 2.4. Let ϕ∗j = (1 + βj − γj)φ∗j and ϕ∗ = (ϕ∗j ). Then (λ∗, ϕ∗) satisfies (2.3), i.e.,

λ∗ϕ∗j =
(
1 + βj − γj

)
(Qϕ∗)j , j ∈ Ω. (2.4)

Moreover, (λ∗, ϕ) satisfies (2.3) if and only if ϕ ∈ 〈ϕ∗〉. Finally, if (λ, ϕ) satisfies (2.3) with
λ 6= λ∗ then |λ| ≤ λ∗ and ϕj ≤ 0 for some j ∈ Ω.

2.4 Habitat type and the movement of infected individuals

The next result connects the fate of the disease to both the habitat type and the movement rate
of infected individuals when Q belongs to a family A(R) with slight baseline dispersal matrix R
and parameter dI . Recall that in this case, A(R) = {R(dI) : dI > 0}.

Lemma 2.5. Suppose that (B3) holds and let B be as in (1.4).

(a) λ∗ is a strictly monotone decreasing function of dI > 0;

(b) λ∗ → maxj∈Ω{1 + βj − γj} as dI → 0;

(c) λ∗ → B as dI →∞;

(d) If B ≥ 1 then λ∗ > 1 for all dI > 0;

(e) If B < 1 then the equation λ∗(dI) = 0 has a unique positive root denoted by d∗I . Furthermore,
if dI < d∗I then λ∗ > 1 and if dI > d∗I then λ∗ < 1.

The proof of Lemma 2.5 appears in Appendix A.

3 The Endemic Equilibrium

Throughout this section, we assume that (A1)–(A5) and (B1)–(B2) hold and that N is fixed. We
also assume that λ∗ = ρ(M) > 1, so that the disease can persist for some initial conditions, even
in arbitrarily small neighborhoods of the DFE. Theorem 3 follows from Lemma 3.10.

3.1 Existence of the EE

It will be useful to consider several alternative statements of the equilibrium problem. The first
such statement is as follows.

Lemma 3.1. (Ŝ, Î, S̃, Ĩ) is a solution of (1.10) if and only if (Ŝ, Î, S̃, Ĩ) is a solution of

κ = dSŜj + dI Îj , j ∈ Ω, (3.1a)

Îj = ΘjS̃j + (1− γj)Ĩj , j ∈ Ω, (3.1b)

S̃j = (PŜ)j , j ∈ Ω, (3.1c)

Ĩj = (QÎ)j , j ∈ Ω, (3.1d)

N =
∑
j∈Ω

(S̃j + Ĩj), (3.1e)

where κ is some positive constant independent of j ∈ Ω.
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Proof. Suppose first that (Ŝ, Î, S̃, Ĩ) is a solution of (1.10). We will show that there exists some
κ > 0 such that Ŝ and Î satisfy (3.1a). Observe from (1.8) and (1.10) that

S̃ + Ĩ = PŜ +QÎ

=
[
dSR+ (1− dS)In

]
Ŝ +

[
dIR+ (1− dI)In

]
Î

= R(dSŜ + dI Î) + Ŝ + Î − (dSŜ + dI Î).

Eq. (1.11) implies that R
(
dSŜ+dI Î

)
= dSŜ+dI Î. The properties of R and the Frobenius Theorem

[19] imply that dSŜ + dI Î ∈ 〈1n〉, as the eigenvectors dSŜ + dI Î and 1n both belong to the same
principle eigenvalue µ = 1. That is, dSŜj + dI Îj = κ for some κ ∈ R and every j ∈ Ω. Since
dSŜj + dI Îj > 0 for at least one j ∈ Ω (because N > 0) it must be that κ > 0. The fact that
(Ŝ, Î, S̃, Ĩ) satisfies (3.1b)–(3.1e) is clear by inspection. If (Ŝ, Î, S̃, Ĩ) is a solution of (3.1) for some
κ > 0 then it follows from a direct calculation that (Ŝ, Î, S̃, Ĩ) satisfies (1.10).

For our second formulation of the equilibrium problem, let

S◦j =
Ŝj
κ

and I◦j =
dI Îj
κ
, (3.2)

where κ is as in (3.1a), and for I ∈ Rn let

Hj(I) =
dI
dS

Θj

(
βjdS(QI)j

dI + (dS − dI)Ij

)[
1− (PI)j

]
+ (1− γj)(QI)j , j ∈ Ω. (3.3)

Observe that Hj(0) = 0 and Hj(1n) = 1 − γj for j ∈ Ω. Finally, let S◦ = (S◦j ), I◦ = (I◦j ), and
H = (Hj).

Lemma 3.2. (Ŝ, Î, S̃, Ĩ) is a solution of (3.1) if and only if (S◦, I◦, S̃, Ĩ) is a solution of

1n = dSS
◦ + I◦, (3.4a)

I◦ = H(I◦), (3.4b)

S̃ = κPS◦, (3.4c)

Ĩ = (κ/dI)QI◦, (3.4d)

κ =
dIN∑

j∈Ω

[
dI(PS◦)j + (QI◦)j

] . (3.4e)

Proof. Let (Ŝ, Î, S̃, Ĩ) be a solution of (3.1). It is clear from (3.1a) and (3.2) that 1 = dSS
◦
j + I◦j

for every j ∈ Ω. Therefore, (3.4a) is satisfied. Next, let j ∈ Ω and observe from (3.1) and (1.11)
that

Îj = Θj

(
βj Ĩj

S̃j + Ĩj

)
S̃j + (1− γj)Ĩj = Θj

(
βj(QÎ)j
Ŝj + Îj

)
(PŜ)j + (1− γj)(QÎ)j .

We multiply both sides by dI/κ and then apply (3.2), (3.4a), the properties of P , and (3.3) to get

I◦j = dIΘj

(
βj(QI◦)j
dIS◦j + I◦j

)
(PS◦)j + (1− γj)(QI◦)j

=
dI
dS

Θj

(
βjdS(QI◦)j

dI(1− I◦j ) + dSI◦j

)(
P
[
1n − I◦

])
j

+ (1− γj)(QI◦)j
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=
dI
dS

Θj

(
βjdS(QI◦)j

dI + (dS − dI)I◦j

)[
1− (PI◦)j

]
+ (1− γj)(QI◦)j

= Hj(I◦).

Thus, (3.4b) is satisfied. The fact that (3.4c)–(3.4e) are satisfied is immediate from (3.2). If
(S◦, I◦, S̃, Ĩ) is a solution of (3.4) for some κ > 0 then it follows from a direct calculation that
(Ŝ, Î, S̃, Ĩ) satisfies (3.1).

The benefit of the alternative formulation in Lemma 3.2 is that (3.4b) depends on I◦ but not
on S◦, S̃, Ĩ, or κ. Thus, once I◦ is determined, then it is a simple matter to determine S◦ from
(3.4a), κ from (3.4e), and then S̃ and Ĩ from (3.4c) and (3.4d).

Lemma 3.3. Eq. (3.4) has a nonnegative solution (S◦, I◦, S̃, Ĩ) which can be chosen to satisfy
I◦ 6≡ 0. Furthermore, this solution (with I◦ 6≡ 0) is unique, it is positive, and I◦ < 1n.

Below, we prove the existence of such a solution (S◦, I◦, S̃, Ĩ), and in the next subsection we
will demonstrate that it is unique. A useful lemma, whose proof follows immediately from (1.8),
is as follows.

Lemma 3.4. If I ∈ Rn then dSQI = dIPI + (dS − dI)I.

For u,w ∈ Rn, we define (u,w) = {v ∈ Rn : uj < vj < wj for j ∈ Ω} and [u,w] = {v ∈ Rn :
uj ≤ vj ≤ wj for j ∈ Ω}. The half-open intervals [u,w) and (u,w] are defined similarly. The next
lemma establishes important properties of the function H in (3.3). Its proof appears in Appendix
B.

Lemma 3.5. Let ϕ∗ be as in Lemma 2.4. Then

(a) H(εϕ∗) ≥ εϕ∗ for 0 < ε� 1;

(b) H(1n) ≤ 1n;

(c) H = (Hj) is a monotone increasing function of Ik for every k 6= j when I = (Ik) ∈ (0, 1n].

We now prove the existence portion of Lemma 3.3. It is clear that I ∈ [0, 1n] is a solution of
(3.4b) if and only if

Gj(I) def= Hj(I)− Ij = 0, j ∈ Ω. (3.5)

Let G = (Gj). Lemma 3.5 (c) implies that (3.5) is a monotone system [28]. It follows that if I and
I are ordered (i.e., I ≤ I), and they are a sub-solution and super-solution of (3.5), respectively,
i.e., G(I) ≥ 0 ≥ G(I), then there must exist some I ∈ [I, I] such that G(I) = 0. Lemma 3.5 (a, b)
implies that we may take I = εϕ∗ and I = 1n if ε is chosen to be positive and sufficiently small.

We conclude from the remarks above that there must be some I◦ ∈ (0, 1n] such that G(I◦) = 0.
That is, there exists some I◦ satisfying (3.4b) with 0 < I◦j ≤ 1 for j ∈ Ω. We argue by contradiction
to show that I◦j < 1 for every j ∈ Ω. First, if I◦j = 1 for all j ∈ Ω then Gj(I◦) = −γj < 0 when
j ∈ H−, a contradiction. Suppose now that I◦j = 1 and I◦m < 1 for some j,m ∈ Ω. Since Q is
irreducible, we may assume that j and m are chosen so that qjm > 0. It follows that (QI◦)j < 1.
Eq. (3.3), the properties of Θj , and Lemma 3.4 imply that

Hj(I◦) =
dI
dS

Θj

(
βjdS(QI◦)j

dI + (dS − dI)I◦j

)[
1− (PI◦)j

]
+ (1− γj)(QI◦)j



Allen et al. - Spatial patterns in a discrete-time SIS patch model 15

≤

[
βj

(
dI − dI(PI◦)j
dI + (dS − dI)I◦j

)
+ 1− γj

]
(QI◦)j

=

[
βj

(
1− dS(QI◦)j

dI + (dS − dI)I◦j

)
+ 1− γj

]
(QI◦)j

=
[
1 + βj − γj − βj(QI◦)j

]
(QI◦)j .

Let νj = 1 + βj − γj and qj = (QI◦)j . Recall that qj ∈ (0, 1). Observe that (νj − βjx)x achieves
its maximum value on [0, 1] when x = min{νj/2βj , 1}. If νj < 2βj then Hj(I◦) ≤ (νj − βjqj)qj ≤
(νj/2)2/βj < βj ≤ 1 = I◦j . Similarly, if νj ≥ 2βj then Hj(I◦) ≤ (νj −βjqj)qj < νj −βj = 1− γj ≤
1 = I◦j . In either case, we obtain Hj(I◦) < I◦j , again a contradiction. We conclude that I◦ < 1n.
Therefore, (S◦, I◦, S̃, Ĩ) is a positive solution of (3.4) with I◦ < 1n. This completes the existence
proof of Lemma 3.3. Next, we establish uniqueness.

3.2 Uniqueness of the EE

We will assume throughout this subsection that (S◦, I◦, S̃, Ĩ) is a nonnegative solution of (3.4). In
view of (3.4a) and the argument given above, we may restrict attention to solutions I◦ of (3.4b)
which satisfy 0 ≤ I◦j < 1 for j ∈ Ω.

Lemma 3.6. Either I◦ ≡ 0 or I◦ > 0.

Proof. We argue by contradiction. Suppose that H(I◦) = I◦ with I◦ 6≡ 0 and I◦ 6> 0. Then there
exist nonempty and disjoint subsets K− and K+ of Ω, whose union forms all of Ω, and with the
property that I◦j = 0 for j ∈ K− and I◦j > 0 for j ∈ K+. Suppose first that (QI◦)j = 0 for every
j ∈ K−. Since I◦k > 0 when k ∈ K+, we obtain that qjk = 0 when j ∈ K− and k ∈ K+. But this
contradicts the irreducibility of Q. Thus, it must be that (QI◦)j > 0 for some j ∈ K−. Recall
from (3.3) that

dI
dS

Θj

(
βjdS(QI◦)j

dI

)[
1− (PI◦)j

]
+ (1− γj)(QI◦)j = 0.

Observe that both terms on the left-hand side must vanish because they are nonnegative and
their sum is zero. Since (QI◦)j > 0, we conclude that γj = 1. As there are no sanctuary patches,
we must also have that βj > 0. Furthermore, (PI◦)j < 1 because I◦ < 1n. But these remarks
imply that the first term on the left-hand side is positive, another contradiction. We conclude
that either I◦ ≡ 0 or I◦ > 0.

It can be shown that there exist minimal and maximal solutions (Imin and Imax) of (3.4b)
such that εϕ∗ < Imin ≤ Imax < 1n and with the property that, if ε is chosen small enough, then
all positive solutions lie between them.

Lemma 3.7. If I◦ is positive then I◦ ∈ [Imin, Imax].

Proof. The proof is similar to the iteration argument presented in [1].

Lemma 3.8. If I◦− and I◦+ are positive with I◦− ≤ I◦+, then either I◦− < I◦+ or I◦− ≡ I◦+.

Proof. We argue by contradiction. Suppose that I◦− = (I◦−j ) and I◦+ = (I◦+j ) are positive with
I◦− ≤ I◦+, and that neither I◦− < I◦+ nor I◦− ≡ I◦+. Then there exist nonempty and disjoint
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subsets K− and K+ of Ω, whose union forms all of Ω, and with the property that I◦−j < I◦+j for
j ∈ K− and I◦−j = I◦+j for j ∈ K+. Recall from (3.3) that

Hj(I) = Θj(Xj)
[
dI − dI(PI)j

dS

]
+ (1− γj)(QI)j ,

where
Xj = Xj(I) =

βjdS(QI)j
dI + (dS − dI)Ij

.

We restrict attention to I ∈ [Imin, Imax]. We wish to show that Hj(I) is a strictly increasing
function of (QI)j when Ij is held fixed. If βj = 0 then the result is immediate because there are
no sanctuary patches (i.e., 0 ≤ γj < 1). Suppose now that βj > 0, which implies also that Xj > 0.
We make use of Lemma 3.4 and then simplify to get

Hj(I) = Θj(Xj)
[
dI + (dS − dI)Ij

dS
− (QI)j

]
+ (1− γj)(QI)j .

We now differentiate Hj(I) with respect to (QI)j to obtain

Hj(I)† = Θ′j(Xj)X
†
j

[
dI + (dS − dI)Ij

dS
− (QI)j

]
−Θj(Xj) + 1− γj .

Here, the †–notation indicates differentiation with respect to (QI)j (but keeping Ij fixed). Rewrit-
ing the bracketed expression in terms of Xj yields

Hj(I)† = Θ′j(Xj)X
†
j

[
βj
Xj
− 1
]

(QI)j −Θj(Xj) + 1− γj .

We now use the inequalities Θ′j(Xj) ≥ 0, X†j > 0, and Θj(Xj) ≤ Xj < βj to obtain

Hj(I)† > 1− βj − γj ≥ 0.

Consequently, Hj(I) is a strictly increasing function of (QI)j when Ij is held fixed. Finally, (3.4b)
implies that

Hj(I◦−) = Hj(I◦+), j ∈ K+.

It follows from the remarks above that (QI◦−)j = (QI◦+)j for j ∈ K+. That is,∑
k∈K−

qjk
(
I◦−k − I

◦+
k

)
= 0, j ∈ K+.

We only sum over k ∈ K− because I◦−k = I◦+k for k ∈ K+. Since I◦−k < I◦+k for k ∈ K−, it must
be that qjk = 0 whenever j ∈ K+ and k ∈ K−. But this contradicts the assumption that Q is
irreducible. We conclude that either I◦− < I◦+ or I◦− ≡ I◦+.

Lemma 3.9. If I◦∗ and I◦∗∗ are positive then I◦∗ ≡ I◦∗∗.

Proof. We argue by contradiction. Suppose that I◦∗ and I◦∗∗ are positive with I◦∗ 6≡ I◦∗∗. Then
I◦∗, I◦∗∗ ∈ [Imin, Imax] by Lemma 3.7. Since I◦∗ 6≡ I◦∗∗, it follows that Imin 6≡ Imax. We conclude
from the relation Imin ≤ Imax and Lemma 3.8 that Imin < Imax. So, without loss of generality,
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we may assume that I◦∗ < I◦∗∗, for otherwise we may replace I◦∗ with Imin and I◦∗∗ with Imax.
Recall that

Hj(I◦∗) = I◦∗j , j ∈ Ω,

Hj(I◦∗∗) = I◦∗∗j , j ∈ Ω.

We multiply the first equation by (QI◦∗∗)j and the second equation by (QI◦∗)j , subtract the
resulting equations, and then sum over all j ∈ Ω to get∑

j∈Ω

[
Hj(I◦∗)(QI◦∗∗)j −Hj(I◦∗∗)(QI◦∗)j

]
=
∑
j∈Ω

[
(QI◦∗∗)jI◦∗j − (QI◦∗)jI◦∗∗j

]
.

The symmetry of Q implies that the right-hand side vanishes. It suffices to show that the left-hand
side (which we denote by Ψ) is actually positive. Observe from (3.3) that

Ψ =
dI
dS

∑
j∈Ω

[
ψj(I◦∗)− ψj(I◦∗∗)

]
(QI◦∗)j(QI◦∗∗)j ,

where
ψj(I) = Θj(Xj)

1− (PI)j
(QI)j

and Xj = Xj(I) =
βjdS(QI)j

dI + (dS − dI)Ij
.

Since (QI◦∗)j and (QI◦∗∗)j are both positive, it suffices to show that ψj(I◦∗) ≥ ψj(I◦∗∗) for all
j ∈ Ω and that the inequality is strict for at least one such j. If βj = 0 then it is clear from the
properties of Θj that ψj(I◦∗) = ψj(I◦∗∗) = 0. Thus, we may assume that βj > 0. Furthermore,
since H+ is nonempty, there is at least one such j ∈ Ω with this property. We differentiate ψj
with respect to Ik to get

ψj(I)† = Θ′j(Xj)X
†
j

1− (PI)j
(QI)j

+ Θj(Xj)
[

1− (PI)j
(QI)j

]†
,

where the †–notation indicates differentiation with respect to Ik and we restrict attention to
I ∈ [Imin, Imax]. Observe that Xj > 0, 0 ≤ Θ′j(Xj) ≤ Θj(Xj)/Xj , and X†j ≥ 0. Therefore,

ψj(I)† ≤ Θj(Xj)

(
X†j
Xj
× 1− (PI)j

(QI)j
+
[

1− (PI)j
(QI)j

]†)
.

Since Θj(Xj) > 0, it suffices to show that the quantity in parentheses (which we denote by Γjk)
is nonpositive for all k and negative for some k. It can be shown that

X†j
Xj

=
(QI)†j
(QI)j

−
[
dI + (dS − dI)Ij

]†
dI + (dS − dI)Ij

and [
1− (PI)j

(QI)j

]†
=

([
1− (PI)j

]†
1− (PI)j

−
(QI)†j
(QI)j

)
1− (PI)j

(QI)j
.

Therefore,

Γjk =

([
1− (PI)j

]†
1− (PI)j

−
[
dI + (dS − dI)Ij

]†
dI + (dS − dI)Ij

)
1− (PI)j

(QI)j
.
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We can write this expression in turn as

Γjk =
[

1− (PI)j
dI + (dS − dI)Ij

]† dI + (dS − dI)Ij
(QI)j

.

Finally, if k 6= j then Γjk = −pjk/(QI)j is nonpositive, and it is negative for some k because P is
irreducible. However, if k = j then Lemma 3.4 implies that

Γjj =
[
dI + (dS − dI)Ij − dS(QI)j

dI + (dS − dI)Ij

]† dI + (dS − dI)Ij
dI(QI)j

.

Again, we conclude that Γjj is nonpositive. Thus, if I◦∗ and I◦∗∗ are positive then I◦∗ ≡ I◦∗∗.

Lemmas 3.7 and 3.9 imply that (3.4b) has a unique positive solution given by I◦ = Imin = Imax.
We conclude from Lemma 3.6 that I◦ is the only nonnegative solution of (3.4b) satisfying I◦ 6≡ 0.
We have completed the proof of Lemma 3.3. The next result follows from Lemmas 3.1–3.3 and
(3.2).

Lemma 3.10. Eq. (1.10) has a nonnegative solution (Ŝ, Î, S̃, Ĩ) which satisfies Ĩ 6≡ 0. Further-
more, this solution (with Ĩ 6≡ 0) is unique, it is positive, and it is given by

Ŝ = κS◦, Î = (κ/dI)I◦, S̃ = κPS◦, and Ĩ = (κ/dI)QI◦

where κ is as in (3.4e).

We have shown that when λ∗ = ρ(M) > 1 then an EE exists, it is unique, and it satisfies
Ĩ > 0. In the next section, we consider the asymptotic behavior of the EE as dS → 0.

4 Asymptotic Behavior of the Endemic Equilibrium

Throughout this section, we still assume that (A1)–(A5) and (B1)–(B2) hold, that N is fixed,
and that λ∗ > 1 so that an EE exists which is both unique and positive. Theorem 4 follows from
Lemmas 4.1 and 4.4–4.8.

4.1 The limiting DFE

Observe from (1.8), (1.10), and (3.1a) that Ŝ, Î, S̃, Ĩ, and κ are all functions of dS . First, we
determine the asymptotic behavior of Î, Ĩ, and κ as dS → 0 (i.e., P → In).

Lemma 4.1. If dS → 0 then Î → 0, Ĩ → 0, and κ→ 0.

Proof. Recall from Lemma 3.10 and (1.10e) that Ŝj , Îj , S̃j , Ĩj ∈ (0, N) for j ∈ Ω. Let Ŝ∗ be a
limit point of Ŝ as dS → 0. Passing to a subsequence each time if necessary, let Î∗, S̃∗, and Ĩ∗ in
turn be limit points of Î, S̃, and Ĩ, respectively, as dS → 0. Then Ŝ∗j , Î

∗
j , S̃

∗
j , Ĩ
∗
j ∈ [0, N ] for j ∈ Ω.

In view of (1.8) with dS = 0 and (1.10), S̃∗ = Ŝ∗ and Ĩ∗ = QÎ∗. Observe from (1.10a), (1.2), the
positivity of S̃j + Ĩj , and the properties of Θj that if j ∈ Ω then

Ŝj =

[
1−Θj

(
βj Ĩj

S̃j + Ĩj

)]
S̃j + γj Ĩj

≥

[
1− βj Ĩj

S̃j + Ĩj

]
S̃j + γj Ĩj



Allen et al. - Spatial patterns in a discrete-time SIS patch model 19

≥ S̃j − (βj − γj)Ĩj .

It follows from taking limits that S̃∗j = Ŝ∗j ≥ S̃∗j − (βj − γj)Ĩ∗j . We conclude that (βj − γj)Ĩ∗j ≥ 0
for j ∈ Ω, and in particular that Ĩ∗j = 0 for j ∈ H−. Fix j ∈ H−. Then (QÎ∗)j = Ĩ∗j = 0.
Consequently, Î∗k = 0 for every k ∈ Kj = {k ∈ Ω : qjk > 0}. Fix k ∈ Kj . Since Ŝk, Îk, Ŝ∗k ∈ [0, N ]
and Î∗k = 0, we obtain from (3.1a) that κ → 0 as dS → 0. Now let j ∈ Ω be arbitrary. Since
Ŝj , Îj , Ŝ

∗
j ∈ [0, N ] and κ→ 0 as dS → 0, (3.1a) now implies that Î∗j = 0. That is, Î∗ = 0. Finally,

Ĩ∗ = QÎ∗ = 0.

So that we may also determine the asymptotic behavior of Ŝ and S̃, we first consider I◦ in
(3.2) as a function of dS .

Lemma 4.2. I◦j is a monotone decreasing function of dS for every j ∈ Ω.

Proof. Suppose that 0 < d−S < d+
S and let I◦− and I◦+ be corresponding solutions to (3.4b) with

I◦−, I◦+ ∈ (0, 1n). Then

Hj(I◦−; d−S ) = I◦−j , j ∈ Ω, (4.1a)

Hj(I◦+; d+
S ) = I◦+j , j ∈ Ω, (4.1b)

where Hj(I; dS) is as in (3.3). We now show that ∂Hj/∂dS ≤ 0 for I ∈ (0, 1n) and j ∈ Ω. If
βj = 0 then the result is immediate, so we may assume for the time being that βj > 0. Since P
depends on dS in (1.8), the product rule for three terms yields

∂Hj

∂dS
=
dI
dS

(
− 1
dS

Θj(X)
[
1− (PI)j

]
+ Θ′j(X)X†

[
1− (PI)j

]
+ Θj(X)

[
1− (PI)j

]†)
,

where
X = X(dS) =

βjdS(QI)j
dI + (dS − dI)Ij

and the †–notation indicates differentiation with respect to dS . Since X > 0 and X† > 0, it
follows from the properties of Θj that

∂Hj

∂dS
≤ Θj(X)

dS

([
X†

X
− 1
dS

] [
dI − dI(PI)j

]
+
[
dI − dI(PI)j

]†)
.

As Θj(X) > 0, it suffices to show that the parenthetical quantity, which we denote by Ψ, is
nonpositive. First, we use the product rule to directly compute

X†

X
=

1
dS
− Ij
dI + (dS − dI)Ij

and then apply Lemma 3.4 to get

Ψ = − Ij
dI + (dS − dI)Ij

[
dI + (dS − dI)Ij − dS(QI)j

]
+ Ij − (QI)j .

A quick calculation shows that

Ψ = − dI(1− Ij)(QI)j
dI + (dS − dI)Ij

≤ 0.
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Hence, ∂Hj/∂dS ≤ 0 for I ∈ (0, 1n) and j ∈ Ω. We now obtain from (4.1b) with d−S in place of
d+
S that

Hj(I◦+; d−S ) ≥ I◦+j , j ∈ Ω.

Thus, I◦+ is a sub-solution of (4.1a). Again, 1n is a super-solution of (4.1a) by Lemma 3.5 (b).
Also, I◦+ < 1n. By an argument similar to the one given in Sect. 3, I◦− ∈ [I◦+, 1n]. We conclude
that I◦− ≥ I◦+.

Recall from Lemma 3.3 that 0 < I◦j < 1 for each j ∈ Ω. The above lemma implies that for
every j ∈ Ω, there exists some I∗j such that

I◦j → I∗j as dS → 0 and 0 < I∗j ≤ 1. (4.2)

Let I∗ = (I∗j ). It remains to establish conditions under which 0 < I∗j < 1 or I∗j = 1. Let

J− = {j ∈ Ω : 0 < I∗j < 1} and J+ = {j ∈ Ω : I∗j = 1}.

Observe that J− ∪ J+ = Ω. The next result characterizes the relative values of νj(QI∗)j and I∗j
for different j ∈ Ω. Recall that νj = 1 + βj − γj .

Lemma 4.3. The following statements hold:

(a) If j ∈ J− then νj(QI∗)j = I∗j ;

(b) If j ∈ J+ then νj(QI∗)j ≥ 1.

Proof.

(a) Let j ∈ J−, so that I◦j → I∗j ∈ (0, 1) as dS → 0. Observe from (3.4b) and (3.3) that

Hj(I◦) =
dI
dS

Θj(X)
[
1− (PI◦)j

]
+ (1− γj)(QI◦)j = I◦j , (4.3)

where
X = X(dS) =

βjdS(QI◦)j
dI + (dS − dI)I◦j

. (4.4)

We examine the asymptotic behavior of various terms in (4.3) and (4.4) as dS → 0, and we
may assume that βj > 0, for otherwise the result is immediate. First, since

βjdS(QI◦)j → 0 and dI + (dS − dI)I◦j → dI(1− I∗j ) > 0,

we conclude that X → 0 and by continuity Θj(X) → Θj(0) = 0. Next, we see from (4.4)
that

Θj(X)
dS

=
Θj(X)
X

· X
dS

=
Θj(X)
X

· βj(QI◦)j
dI + (dS − dI)I◦j

→ βj(QI∗)j
dI(1− I∗j )

.

In passing to the limit, we used L’Hospital’s Rule and the relation Θ′j(0) = 1. Finally,
P → In in (1.8) implies that (PI◦)j → I∗j . Taking limits in (4.3) now produces the desired
result.
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(b) Let j ∈ J+, so that I◦j → I∗j = 1 as dS → 0. Again, (3.4b) and (3.3) imply that (4.3) and
(4.4) hold. The properties of Θj , (4.4), and Lemma 3.4 together imply that

Θj(X)
dS

≤ X

dS
=

βj(QI◦)j
dI + (dS − dI)I◦j

≤ βj(QI◦)j
dI + (dS − dI)I◦j − dS(QI◦)j

=
βj(QI◦)j

dI
[
1− (PI◦)j

] .
Therefore,

dI
dS

Θj(X)
[
1− (PI◦)j

]
≤ βj(QI◦)j .

Upon substituting this inequality into (4.3) and then letting dS → 0, we obtain the desired
result.

The set J− is nonempty.

Lemma 4.4. H− ⊆ J−.

Proof. We argue by contradiction. Suppose that there exists some j ∈ H− ∩ J+. Then νj < 1
and (QI∗)j ≤ 1 by (4.2) and the properties of Q. That is, νj(QI∗)j < 1. But this inequality
contradicts Lemma 4.3 (b). We conclude that H−∩J+ is empty, and therefore that H− ⊆ J−.

We are now in a position to determine the asymptotic behavior of Ŝ and S̃.

Lemma 4.5. The following statements hold:

(a) κ/dS → N∗
def= N/

∑
j∈Ω(1− I∗j ) as dS → 0;

(b) Ŝ → S∗ and S̃ → S∗ as dS → 0, where S∗ = (S∗j ) and S∗j
def= (1− I∗j )N∗ for j ∈ Ω;

(c) S∗ ≥ 0 and
∑

j∈Ω S
∗
j = N .

Proof.

(a) Eqs. (1.10e), (3.1a), and (3.2) imply that

N =
∑
j∈Ω

κ− dI Îj
dS

+
∑
j∈Ω

Îj =
κ

dS

∑
j∈Ω

(1− I◦j ) +
∑
j∈Ω

Îj .

Lemma 4.1 and (4.2) imply that

κ

dS
→ N∑

j∈Ω(1− I∗j )
as dS → 0.

The denominator of the limit is positive because J− is nonempty by Lemma 4.4.

(b) Again, (3.1a) and (3.2) imply that

Ŝj =
κ− dI Îj
dS

= (1− I◦j )
κ

dS
.

Eq. (4.2) and part (a) imply that Ŝj → (1− I∗j )N∗ as dS → 0. Also, S̃ = PŜ → S∗ as dS → 0
because P → In in (1.8) and Ŝ → S∗.

(c) This part follows immediately from parts (a) and (b), the positivity of N∗, and (4.2).
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4.2 The limiting DFE on high-risk patches

Observe from Lemma 4.5 (b) that S∗ > 0 on J− and S∗ = 0 on J+. We know from Lemma 4.4
that J− is nonempty. Next we show that J+ is also nonempty.

Lemma 4.6. J+ is nonempty.

Proof. We argue by contradiction. Suppose that J+ is empty, that is, Ω = J− ∪ J+ = J−.
Lemma 4.3 (a) implies that

(1 + βj − γj)(QI∗)j = I∗j , j ∈ Ω.

Thus (λ, ϕ) = (1, I∗) satisfies (2.3). Since λ∗ > 1, Lemma 2.4 implies that I∗j ≤ 0 for some j ∈ Ω.
But this result contradicts (4.2). We conclude that J+ is nonempty.

Next, we determine a condition under which J+ is maximal.

Lemma 4.7. If (1.13) is satisfied for all j ∈ H− then J+ = H+.

Proof. We argue by contradiction. Suppose that condition (1.13) holds on H− but that J+ 6= H+.
In view of Lemma 4.4, it must be that J+ is a proper subset of H+ and therefore that H+ ∩ J−
is nonempty. Let j ∈ H− and k ∈ H+ ∩ J−. Without loss of generality, we may assume that
j and k are chosen so that I∗j = min{I∗m : m ∈ H−} and I∗k = min{I∗m : m ∈ H+ ∩ J−}. Since
I∗m < 1 for m ∈ H+ ∩ J− and I∗m = 1 for m ∈ H+ ∩ J+, it must be that I∗k = min{I∗m : m ∈ H+}.
Lemma 4.3 (a) implies that

νj(QI∗)j = I∗j , (4.5)

νk(QI∗)k = I∗k . (4.6)

Since Ω = H− ∪H+, we obtain from (4.5) that

νj
∑

m∈H−
qjm(I∗m − I∗j ) + νj

∑
m∈H+

qjmI
∗
m = (1− νjQ−j )I∗j .

The minimality of I∗j over H− and I∗k over H+ implies that

νjQ
+
j I
∗
k ≤ (1− νjQ−j )I∗j . (4.7)

Similarly, we obtain from (4.6) that

νk
∑

m∈H−
qkmI

∗
m + νk

∑
m∈H+

qkm(I∗m − I∗k) = (1− νkQ+
k )I∗k .

The minimality of I∗j over H− and I∗k over H+ implies that

νkQ
−
k I
∗
j ≤ (1− νkQ+

k )I∗k . (4.8)

If Q−k = 0, then (4.8) with Q+
k = 1 and I∗k > 0 implies that νk ≤ 1, a contradiction because

k ∈ H+. Therefore, Q−k must be positive. Since νk > 1, we also see from (4.8) that

νkQ
−
k I
∗
j ≤ (1−Q+

k )I∗k = Q−k I
∗
k .

Since Q−k > 0, it follows that
νkI
∗
j ≤ I∗k . (4.9)

We multiply corresponding sides of (4.7) and (4.9) together and simplify to get

νj(Q−j + νkQ
+
j ) ≤ 1.

But this inequality contradicts (1.13). We conclude that J+ = H+.
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Finally, we determine a condition under which J+ is a proper subset of H+.

Lemma 4.8. If (1.14) is satisfied for some j ∈ H+ then j ∈ J−.

Proof. We argue by contradiction. Suppose that condition (1.14) holds for some j ∈ H+ ∩ J+.
Choose k ∈ H− such that I∗k = max{I∗m : m ∈ H−} < 1. Lemma 4.3 implies that

νj(QI∗)j ≥ 1, (4.10)
νk(QI∗)k = I∗k . (4.11)

We rewrite (4.10) as
νj
∑
m∈H+

qjmI
∗
m + νj

∑
m∈H−

qjmI
∗
m ≥ 1.

The upper bound of 1 on I∗m and the maximality of I∗k over H− implies that

νj(Q+
j + I∗kQ

−
j ) ≥ 1.

Also, since (QI∗)k ≤ 1, we obtain from (4.11) that I∗k ≤ νk. It follows from these remarks that

νj(Q+
j + νkQ

−
j ) ≥ 1.

But this inequality contradicts (1.14). We conclude that (1.14) cannot hold for j ∈ H+ ∩ J+.

5 Discussion

We now comment on some of the model’s assumptions, the theoretical results that were obtained,
and some open problems that are connected with this research.

5.1 Model assumptions

The generality of the infection function Θj accommodates many forms of frequency-dependent
infection, including those that arise from Poisson [3, 4, 18], logarithmic [22], and binomial processes
[8]. Its concavity assumption, which we exploit repeatedly, implies that each additional infection
results in fewer additional infective contacts, on average, in a time step. Since we allow the
infection function Θj to differ between patches, our results apply to a wide range of diseases that
can not only invade and persist in spatially heterogeneous habitats but can also do so in such
a way that different locations engender different infection processes. For example, susceptible
individuals in some patches may have mj infective encounters each time step while individuals in
other patches may experience infective encounters that are exponentially distributed in time.

We introduce the concept of patch virulence (νj = 1+βj−γj) to aid in distinguishing between
patches which are low-risk (βj < γj) from those which are high-risk (βj > γj). Surprisingly, the
harmonic mean of these patch virulences (B) proves itself to be a useful quantity, and so we
characterize habitats to be low-risk or high-risk depending on the magnitude of B. This definition
is a marked departure from what we did for our two analogous continuous-time SI-models [1, 2],
where we instead characterized habitats as being low-risk or high-risk depending on whether the
spatial average of the disease transmission rates is less than or greater than the spatial average of
the disease recovery rates.

The role of the baseline dispersal matrix R is to create a one-dimensional family of disper-
sal matrices {R(α)} whose members approach the matrix representing no dispersal (In) as the
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diffusion coefficient α tends to zero. The intended effect is to restrict the movement of some sub-
population (either susceptible or infected individuals) in such a way that its members experience,
in all patches, correlated reductions in mobility. We suspect that restricting the movement of a
subpopulation in some other way would also lead to similar results, as long as members of the
resulting family of matrices are all dispersal matrices (i.e., doubly stochastic and irreducible) that
tend to In in some fixed manner.

5.2 Our results

In Theorem 1 we show that a spatially homogeneous, unique DFE exists. That is, every patch
supports the same number of individuals, all of whom are susceptible. Furthermore, when the
basic reproduction number R0 is less than one, then the disease always disappears, but when R0

is greater than one then the disease can persist, even in arbitrarily small neighborhoods of the
DFE. The proof of this theorem is given in Sect. 2, where we also outline the general procedure
for computing R0 as the spectral radius of the next generation matrix [6, 13, 15, 16, 22, 23, 29].

Although it is usually not possible to obtain an explicit expression for R0, we can do so at least
for some special cases. For example, it can be shown by a direct calculation that when there are
n = 2 patches, and they both have the same disease transmission rate β and recovery rate γ, then
R0 = β/γ. In this case, R0 agrees with the basic reproduction for a single patch. Suppose instead
that there are n patches and that the infected dispersal matrix Q tends to the identity matrix
In. Then the next generation matrix M → diagj∈Ω (βj/γj). Consequently, its spectral radius
R0 = ρ(M) → maxj∈Ω{βj/γj}. That is, as the mobility of infected individuals tends to zero, so
that they lose their ability to disperse, then the disease will persist and it will do so only on the
high-risk patches. This result parallels our Lemma 2.5 (b) in which we show that the principle
eigenvalue λ∗ of the virulence weighted infected dispersal matrix (M) tends to the maximum of
the virulences as dI → 0 and it also agrees with related results obtained in [1, 2]. Finally, suppose
that every entry of the infected dispersal matrix Q tends to 1/n, so that infected individuals
show no dispersal preferences. In this case, the limiting next generation matrix M has a zero
eigenvalue with multiplicity n−1 and a simple positive eigenvalue R0 =

∑
j βj/

∑
j γj , the ratio of

the average patch transmission rate to the average patch recovery rate. All of these special cases
for R0 agree with corresponding values computed in our analogous continuous-time SI-models
[1, 2]. We remark, however, that not all of these special cases conform to our assumptions in (A3)
and (A5).

Our Theorem 2 implies that the disease can persist in low-risk habitats only if the mobility
of infected individuals lies below a certain threshold value. Recall that in low-risk habitats, there
are relatively few patches which can sustain the disease. Therefore, newly infected individuals
can produce a sufficient number of secondary infections to sustain the disease only if they do
not recover too quickly from the disease. This then requires them to remain in high-risk patches
for as long as possible. In terms of ecological source-sink theory, the disease can persist only if
carriers of the disease spend a sufficiently long period of time in high-risk patches (the sources)
before moving to low-risk patches (the sinks). However, no such result exists for high-risk habitats
because there are a sufficient number of high-risk patches to sustain the disease no matter how
quickly infected individuals stray from them to low-risk patches.

In Theorem 3 we show that when the infection can persist (R0 > 1) then an EE exists, it is
unique, and it supports a positive number of infected individuals on every patch. As in [1, 2], we
successfully applied the methods of monotone dynamical systems theory to establish this result.
For most ecological disease models, establishing uniqueness of the EE is difficult and consequently
it is seldom done.
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Our Theorem 4 describes the asymptotic profile of the EE as dS tends to zero. The message
here is that decreasing the mobility of susceptible individuals (P → I) can result in the elimination
of the disease at equilibrium. Unlike in Theorem 2, this result holds for both low-risk and high-
risk habitats. Although the limiting DFE is no longer spatially homogeneous, we do know that
all low-risk patches are necessarily nonempty and that at least one high-risk patch is not. We
then provide a sufficient condition under which all of the remaining high-risk patches are also
empty, and a second sufficient condition under which some of them are not. These conditions do
not, however, cover all possible cases. In certain ways, our ability to characterize the asymptotic
profile of the EE crucially depends on its uniqueness. For example, in our proof of Lemma 4.2,
we make use of this uniqueness to show that I◦j is monotone with respect to dS . This result in
turn allows us to prove many of the subsequent results that appear in Sect. 4.

5.3 Major open questions

When the basic reproduction number is less than one (R0 < 1), the proof of Lemma 2.2 shows
only that the infection always disappears, i.e., I(t)→ 0 as t→∞. It does not, however, establish
whether the DFE is globally asymptotically stable. It can be shown that if the susceptible
dispersal matrix P is periodic (i.e., P k = P for some k > 1), then in addition to the unique DFE,
there also exist disease-free periodic orbits and the periods of these orbits divide the number of
patches n. Of course, the mere existence of these periodic orbits destroys any chance that the
DFE can be globally asymptotically stable, however, we believe that even in this case, the DFE
will still be locally asymptotically stable, and the proof of such a result may require methods from
asymptotically autonomous difference equations. When they exist, it would be very interesting to
determine conditions under which the disease-free periodic orbits are stable. For cases in which
P is aperiodic, it is an open question as to whether the DFE is locally or globally attracting.
This situation occurs, for example, when P is controlled by a baseline dispersal matrix R and the
parameter dS is very small. Recent results from [6] do not apply directly to this situation because
ρ(P ) = 1, and so determining the stability of the DFE remains an open problem.

As in our two previous papers [1, 2], the stability of the EE also remains a mystery. We
believe that it is always locally asymptotically stable. However, as with the DFE, there arises the
possibility that when P and Q are both periodic then endemic periodic orbits may also exist. The
existence of these periodic orbits would preclude global asymptotic stability for the EE. However,
for cases in which P or Q is aperiodic, then we believe that the EE will always be globally
asymptotically stable whenever it exists. As a stepping stone to increasing our understanding of
this matter, we suggest examining the stability of the EE for n = 2 patches when dS is sufficiently
small and positive. Since the EE closely approximates a DFE in this case, some progress may be
possible. When an endemic periodic orbit does exist, it would be again interesting to determine
conditions under which it could be unique or stable.

It is not clear to us why some of our results require that the activity (βj + γj) of every patch
not exceed one. Perhaps this restriction can be lifted in future work.

As mentioned earlier, we cannot predict the structure of the limiting DFE in all cases, even
when we restrict attention to one-parameter families of dispersal matrices. Since there are many
other mechanisms by which susceptible dispersal can become increasingly restricted, we would
like to know in general whether the results of Theorem 4 can be extended to arbitrary sequences
of dispersal matrices {Pk} which satisfy ‖Pk−In‖ → 0 as k →∞ for some suitable matrix norm.

Our three papers ([1, 2] and this paper) illustrate the effects of dispersal, spatial heterogeneity,
and habitat connectivity on various dynamical and equilibrium properties of infectious diseases.
In each case, local differences in disease transmission and recovery rates characterize whether
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regions are low-risk or high-risk, and these differences collectively determine whether the spatial
domain, or habitat, is low-risk or high-risk. In low-risk habitats, the disease persists only when
the mobility of infected individuals lies below some threshold value, but for high-risk habitats, the
disease always persists. When the disease does persist, then there exists an EE which is unique
and positive everywhere. This EE tends to a spatially inhomogeneous DFE as the mobility of
susceptible individuals tends to zero. The limiting DFE is nonempty on all low-risk regions and it
is empty on some part of the high-risk region. Sufficient conditions for whether the limiting DFE is
empty or not on the remainder of the high-risk region can be given in terms of disease transmission
and recovery rates, habitat connectivity, and the infected movement rate. The results we obtain
in each case closely parallel each other, yet the underlying mathematical formulations are quite
distinct and they often require us to resort to considerably different mathematical techniques to
analyze them.
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Appendix A

Proof of Lemma 2.5.

(a) Observe from (2.4) and (1.8) that

λ∗ϕ∗j =
(
1 + βj − γj

)∑
k∈Ω

qjkϕ
∗
k, j ∈ Ω,

=
(
1 + βj − γj

) [
dI
∑
k∈Ω

rjkϕ
∗
k + (1− dI)ϕ∗j

]
, j ∈ Ω.

Since R is stochastic, we obtain[
λ∗

νj
− 1
]
ϕ∗j = dI

∑
k∈Ω

rjk(ϕ∗k − ϕ∗j ), j ∈ Ω, (5.1)

where νj = 1 + βj − γj . Observe that both ϕ∗ and λ∗ are functions of dI . They are in fact
differentiable functions of dI by the implicit function theorem. We therefore differentiate
both sides of (5.1) by dI and suppress the ∗–notation to obtain

λ′

νj
ϕj +

[
λ

νj
− 1
]
ϕ′j =

∑
k∈Ω

rjk(ϕk − ϕj) + dI
∑
k∈Ω

rjk(ϕ′k − ϕ′j), j ∈ Ω.

It suffices to show that λ′ < 0. We multiply both sides of the equation above by ϕj and
sum over all j ∈ Ω to get

λ′
∑
j∈Ω

1
νj
ϕ2
j +

∑
j∈Ω

[
λ

νj
− 1
]
ϕjϕ

′
j =

∑
j,k∈Ω

rjk(ϕk − ϕj)ϕj + dI
∑
j,k∈Ω

rjk(ϕ′k − ϕ′j)ϕj .

Eq. (5.1) and the symmetry of R allow us to cancel the second sum on each side, and so
obtain

λ′
∑
j∈Ω

1
νj
ϕ2
j =

∑
j,k∈Ω

rjk(ϕk − ϕj)ϕj .

The symmetry of R again implies that

λ′
∑
j∈Ω

1
νj
ϕ2
j = −1

2

∑
j,k∈Ω

rjk(ϕj − ϕk)2. (5.2)

Clearly, the right-hand side is nonpositive. We now show that it is in fact negative. We
argue by contradiction. Suppose that∑

j,k∈Ω

rjk(ϕj − ϕk)2 = 0. (5.3)

If ϕj = ϕ1 for all j ∈ Ω then (5.1) and the positivity of ϕ imply that λ = νj for all j ∈ Ω.
But this is impossible because νj < 1 for j ∈ H−, νj > 1 for j ∈ H+, and H− and H+ are
both nonempty. Therefore, it must be that ϕm 6= ϕ1 for some m ∈ Ω. The irreducibility
of R implies that there exists a chain from 1 to m, i.e., a sequence j1, j2, . . . , js ∈ Ω with
j1 = 1 and js = m such that rjpjp+1 > 0 for 1 ≤ p ≤ s−1. Eq. (5.3) implies that ϕjp = ϕjp+1

for 1 ≤ p ≤ s−1. Hence, ϕ1 = ϕm, another contradiction. We conclude that the right-hand
side of (5.2) is negative, and thus that λ′ is also negative.
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(b) By (5.1) in part (a), we may write

λ∗ϕ∗j = dIνj
∑
k∈Ω

rjk(ϕ∗k − ϕ∗j ) + νjϕ
∗
j , j ∈ Ω. (5.4)

According to Rayleigh’s principle, λ∗ can be characterized as

λ∗ = sup∑
j∈Ω

ψ2
j =1

−dI2 ∑
j,k∈Ω

νjrjk(ψj − ψk)2 +
∑
j∈Ω

νjψ
2
j

 (5.5)

because R is symmetric. It follows that

lim
dI→0

λ∗ = sup∑
j∈Ω

ψ2
j =1

∑
j∈Ω

νjψ
2
j .

The supremum is achieved by setting ψj = 1 for a single j ∈ Ω with the property that
νj = maxk∈Ω{νk} and setting ψj = 0 otherwise.

(c) Parts (a) and (b) show that λ∗ is a strictly monotone decreasing function of dI > 0 that
is bounded from above, and substituting ψj = 1/

√
n for j ∈ Ω into (5.5) shows that λ∗ is

bounded from below by 1
n

∑
j∈Ω νj . Therefore, λ∗ has a limit λ∗∞ ∈

[
1
n

∑
j∈Ω νj ,maxj∈Ω{νj}

)
as dI →∞. We divide both sides of (5.4) by dI to get

λ∗ϕ∗j
dI

= νj
∑
k∈Ω

rjk(ϕ∗k − ϕ∗j ) +
νjϕ
∗
j

dI
, j ∈ Ω. (5.6)

Without loss of generality, we may assume that ϕ∗ = (ϕ∗j ) is a unit vector, i.e.,
∑

j∈Ω(ϕ∗j )
2 =

1. It follows from the positivity of ϕ∗ and compactness that ϕ∗ → ϕ, where ϕj ≥ 0 for
j ∈ Ω and

∑
j∈Ω ϕ

2
j = 1, for some positive sequence of values dI →∞. Let this sequence be

denoted by d(`)
I . Taking such a limit in (5.6) produces∑

k∈Ω

rjk(ϕk − ϕj) = 0, j ∈ Ω.

Since R is stochastic, we can write these equations as Rϕ = ϕ. The nonnegativity and
irreducibility of R imply that ϕ is proportional to 1n, as both vectors belong to the principal
eigenvalue µ = 1. The fact that ϕ is a nonnegative unit vector implies that ϕj = 1/

√
n for

j ∈ Ω. Observe from the symmetry of R that
∑

j,k∈Ω rjk(ϕ
∗
k − ϕ∗j ) = 0. Therefore, we can

divide (5.4) with dI = d
(`)
I by νj and sum over all j ∈ Ω to get

λ∗
(
d

(`)
I

)∑
j∈Ω

ϕ∗j
νj

=
∑
j∈Ω

ϕ∗j .

We let d(`)
I →∞ to get

λ∗∞
∑
j∈Ω

ϕj
νj

=
∑
j∈Ω

ϕj .

Since ϕj = 1/
√
n for j ∈ Ω, we obtain

λ∗∞ =
n∑

j∈Ω 1/νj
= B.

Finally, parts (d) and (e) follow directly from parts (a), (b), and (c) together with the fact that
H+ is nonempty.
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Appendix B

Proof of Lemma 3.5.

(a) Observe from (3.3), (2.4), and the properties of Θj that

Hj(εϕ∗) =
dI
dS

Θj

(
βjdS(Qεϕ∗)j

dI + (dS − dI)εϕ∗j

)[
1− (Pεϕ∗)j

]
+ (1− γj)(Qεϕ∗)j

=
dI
dS

Θj

(
εβjdS(Qϕ∗)j

dI
+O(ε2)

)[
1 +O(ε)

]
+ (1− γj)ε(Qϕ∗)j

=
dI
dS

[
Θj(0) + Θ′j(0)

(
εβjdS(Qϕ∗)j

dI

)
+O(ε2)

] [
1 +O(ε)

]
+ (1− γj)ε(Qϕ∗)j

= ε
[
(1 + βj − γj)(Qϕ∗)j +O(ε)

]
= εϕ∗j

[
λ∗ +O(ε)

]
.

Since λ∗ > 1 and ϕ∗ > 0, we conclude that Hj(εϕ∗) ≥ εϕ∗j for 0 < ε� 1.

(b) It is clear from (3.3) that Hj(1n) = 1− γj ≤ 1. We conclude that H(1n) ≤ 1n.

(c) We need only to show that if I = (Ik) ∈ (0, 1n] then Hj(I) is a monotone increasing function
of Ik for k 6= j. It follows from (3.3) that

Hj(I)∗ =
dI
dS
Z∗ + (1− γj)qjk, (5.7)

where

Z = Z(X, I) = Θj(X)
[
1− (PI)j

]
and X = X(I) =

βjdS(QI)j
dI + (dS − dI)Ij

.

The ∗–notation here indicates that the total derivative with respect to Ik is to be taken.
For I ∈ (0, 1n], the numerator of X achieves its maximum value of βjdS when I = 1n and
the denominator achieves its minimum value of dS whenever Ij = 1 because 0 < dS ≤ dI .
Therefore 0 ≤ X ≤ βj . Observe also that

Z∗ = Θ′j(X)X∗
[
1− (PI)j

]
−Θj(X)pjk.

Recalling that k 6= j, we make several remarks: (i) X∗ = qjkX/(QI)j , (ii) pjk = (dS/dI)qjk,
and (iii) Θj(X) ≤ X. Consequently,

Z∗ ≥ qjkX
[
Θ′j(X)

1− (PI)j
(QI)j

− dS
dI

]
= qjkX

[
Θ′j(X)

dI − dI(PI)j
dS(QI)j

− 1
]
dS
dI
.

We apply Lemma 3.4 to get

Z∗ ≥ qjkX
[
Θ′j(X)

(
dI + (dS − dI)Ij

dS(QI)j
− 1
)
− 1
]
dS
dI

= qjk

[
Θ′j(X)(βj −X)−X

]dS
dI
.
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It follows from the nonnegativity of Θ′j(X) and the fact that 0 ≤ X ≤ βj that

Z∗ ≥ qjk(−βj)
dS
dI
.

Eq. (5.7) and the assumption (B1) imply that

Hj(I)∗ ≥ qjk(1− βj − γj) ≥ 0.

We conclude that H = (Hj) is a monotone increasing function of Ik for every k 6= j when
I = (Ik) ∈ (0, 1n].
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(a) (b)

Figure 1: (a) A habitat divided into three regions: low-risk patches (unshaded) have βj = 0.2 and
γj = 0.7 and high-risk patches (shaded) have βj = 5.0 and γj = 0.2. (b) The corresponding EE.
After 8,000 time steps, the low-risk patches (unshaded) each contain more than 460 individuals
(of which fewer than 0.0003 are infected) and the remaining high-risk patches (darkly-shaded)
each contain fewer than 0.0008 individuals. This EE (with dS = 10−6) closely approximates
the limiting DFE (with dS = 0). In this example, the baseline dispersal matrix R has entries
rij = 0.125 whenever distinct patches i and j share an edge and rii ∈ {0.5, 0.625, 0.75}. The
infected diffusion coefficient dI = 1.0; the infection function is Θj(x) = 1 − e−x for j ∈ Ω; the
total population size is N = 10, 000; and the initial data satisfy Sj(0) + Ij(0) = 100 for j ∈ Ω,
with Ij(0) = 10 in each of the four corner patches and Ij(0) = 0 otherwise. Thus, the habitat is
high-risk (B = 1.86) and the basic reproduction number R0 = 21.71.
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(a) (b)

Figure 2: (a) A nearly checkerboard habitat: low-risk patches (unshaded) have βj = 0.2 and
γj = 0.9 and high-risk patches (shaded) have βj = 1.0 and γj = 0.6. (b) The corresponding EE.
After 8,000 time steps, the four darkly-shaded patches each contain fewer than 0.002 individuals,
the eight medium-shaded patches (which lie adjacent to the two interior darkly-shaded patches)
each contain between 16 and 19 individuals, and all other patches (unshaded and lightly-shaded)
contain at least 72 individuals. Also, fewer than 0.0002 infected individuals remain in every patch.
This EE (with dS = 10−6) closely approximates the limiting DFE (with dS = 0). The baseline
dispersal matrix R, the infected diffusion coefficient dI , the infection function Θj(x), the total
population size N , and the initial data Sj(0) and Ij(0) are the same as in Figure 1. Here, the
habitat is low-risk (B = 0.51) and the basic reproduction number R0 = 1.10.


