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Motivation:

Our main mo deling objective is to understand
the dynamic behavior of mixed microbial cul-
tures growing on mixtures of substrates. We
are especially interested in deriving conditions
for stable coexistence of multiple micro organ-
ISms.

Example: Op eration of a waste water treat-
ment plant involves controlling a complex con-
tinuous environment where microbial organ-
Isms consume and/o r degrade the chemical pol-
lutants. Some chemicals will degrade faster
when attack ed by consortia of di®erent mi-
Cro organisms.

Ideally, such plant would be operated under
equilirbium  conditions. But some perturba-
tions are ineviatble. The amount of pollutant
may increase abruptly . The °ow rate may need
to be adjusted instantaneously to match the
Increased demand. The chemical comp osition
of the pollutant may also change.



Any of the above perturbations shift the sys-
tem to a di®erent parameter region. As a con-
sequence, we need to understand the behavior
of the system In response to variations of the
operating parameters. Among other things,
we need to know whether a stable operation
may continue under new conditions.

This work is an attempt to obtain some quali-
tative predictions about the behavior of a mixed
culture from the behavior of single species mi-
crobial cultures. It may be viewed as an ex-
tension of ideas put forward by Hsu, Hubb ell,
and Waltman (1977), and Timan (1980) to
the case of a structured mathematical mo del.



l Hsu et. al. (1977) argued that the out-
come of comp etition for a single substrate is
determined exclusively by the break-even con-
centrations , ; that are de ned as solutions of
rig(,i) = D. The main result is the princi-
ple of comp etitive exclusion which states that
only the microbial species with the lowest |
can persist in the culture while the others will
be driven to extinction.

l In case of two microbial species comp et-
Ing for two substitutable/complementa ry sub-
strates, Tilman (1980) provided a very elegant
graphic approach to analyzing the coexistence
equilib ria. Tilman's approach utilizes the con-
cept of the growth isocline which can be ob-
tained in a single species experiment.



The above works as well as other studies are
concerned with the generalized version(s) of
the Mono d model. Restricted to a single sub-
strate single species case, such model can be
expressed as

s= D(sf i s)i rS(s)c;

= (r9(s)i D)c:

Here, s is the substrate and c is the microbial
cell concentration. r>(s) and r9(s) are specic
uptak e and growth rates resp. The feed nutri-
ent concentration Ssf and the dilution rate D
are operating parameters.

Although this mo del explains the steady-state
behavior reasonably well, it fails to explain the
transient behavior of the culture in response to
various perturbations such as describ ed above.



1 In the Mono d model, the substrate uptak e
rate r> is a function of s only. Therefo re, if
a culture is exposed to an excess of a new
substrate, the Mono d mo del would predict the
corresp onding jump in the substrate uptak e to
a nearly saturating level. Substrate switch ex-
periments show that there is a signi cant delay
between such exposure and the increase in the

uptak e rate.

1 If the dilution rate is abruptly shifted from
a small value to a large value, both the sub-
strate level Iin the reacto r and the uptak e rate
increase rapidly , but the specic growth rate
may increase on a slower time scale. This
indicates that there may exist some bottle-
neck(s) between uptak e and synthesis of new
biomass. The Mono d model, of course, can-
not describ e such bottleneck(s) because the
uptak e and growth terms are strongly coupled.



The main reason the Mono d model cannot
adequately describ e the transients is the in-
herent assumption that all intracellula r pro-
cesses involved in the microbial metab olism
can immediately adjust to the new environ-
mental conditions. We prop ose that Iin fact
various physiological variables involved in the
metab olic pathw ay may become time-limiting
at di®erent times during the transient.

To study the dynamic responses of the chemo-
stat (stabilit y and transients), we see it neces-
sity to mo dify the mo deling approach and work
with structured mo dels that explicitly include
the dynamics of the physiological state of mi-
crobial cells as a separate set of variables.

Acco rdingly , we term the Mono d model (and
its generalizations such as the variable vyield
mo del) unstructured



Schematic structured mo del:
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This gure represents a metab olic pathw ay for
a cell population growing on a single substrate.



In this talk, | will discuss the case of two mi-
crobial species comp eting for two substitutable
substrates.

In addition, | will assume that only the synthe-
sis of transp ort enzymes may be a time limiting
step Iin the metab olic pathw ay of the cell.



Equations of the mo del:
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where s}c are feed concentrations and D is the

dilution rate.

The mass-fraction of the inducer Xj is given
by its quasi-steady state approximation

Xij = & 3/41' :



The specic substrate uptak e rate of Sj by Cj
IS given by

S :
Kip + s

S _ \ySa. 3. - -
ri = Viiej %, Y4 =

and rig, the specic growth rate of cj, is given

by
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S S _ .
(P Yier + YiorS = Yigeii¥%a + Yi2eio¥%o;

| = 1;2:

For complete derivation of the mo del, see
G. T. Reeves et. al. (2004), J. Theor. Biol.,
Vol. 226, No. 2, pp. 143-157.



For notational convenience, | will consider
more general mo del

de f

gt = D(sj i sj)i cargji cary;

deij _ e ieiay. O v cmn e o\
e (sj;€ij)i ejri(si;s2;ei1; €2)(=
ol (rif(s1;s2;€i1;€j2) i D)cj;

and assume that

(H1) The functions rﬁ’ (sj;ejj ) are such that
@ﬁ(Sj;eij)>O; @<fﬁ(8j;eij)
@; @;j €

)< 0:

(H2) For any s; > 0,
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Rij );

and there exists a unique value eicj’ (sj) > 0O

such that r (sj;ef (sj)) = O.



(H3) Specic uptak e rates are rjj = ejj %; (Sj)
where ¥4 (s) are such that

% (0) = 0; %) (s) > O, fm ¥ (s) < +1:

The specic growth rate is

r? = Yiiei1%+ Yiseio¥%g 0= 12



Dynamics of the enzyme subsystems:

deil
ol Ri1(s1;52; €j1; €i2);
dei2
el Ri2(S1;S2;€i1;€i2);

where ¥ = ¥ (sj) and sj; ] = 1;2 are xed,
and

Rij = ri(sjsej)i (Yizein¥1+ Yizei¥o)e :
This comp etitive system exhibits dynamics sim-

llar to that of the Lotk a-V olterra mo del with
a globally attracting positive equilib rium

(e51(S1;52); €12(51;S2)) :



Furthermo re, we have that
@k
@By
@k
@By

> 0; ] = Kk;

< 0; | 6Lk,

and the variational matrix
. @Rj1; Rj2)
I~ :
@ej1; €j2)
evaluated at (ej1; €j2) has two strictly negative
(real) eigenvalues for all sq; s> > 0.




Summa ry of enzyme dynamics for each micro-
bial species:

The transp ort enzymes for di®erent substrates
exhibit comp etitive dynamics. An increase in
the specic substrate promotes the synthesis
of the specic enzyme but inhibits the synthe-
sis of the non-sp ecic enzyme. Therefo re, an
increase in the concentration of one substrate
will down regulate the uptak e rate of the other
substrate.



Unstructured mo del as the limiting case

If we consider the case when the dynamics of
enzymes is fast, then we may replace the actual
enzyme levels ejj by their quasi- steady state
approximations €j . The model will then be

reduced to

de f . : :
s D(sj i sj)i CifF1j i Cofy
dCi _ g. :
where
N = € (51;32)rij (Sj);
and

= Yiir1 + Yioko:



Growth isoclines and consumption curves

I The growth isocline G; of species | as the lo-
cus of all points (s1;S2) such that ﬁg(sl;sz) =
D with s; , 0.

I The consumption curve ©; of species i is the
locus of all points (s1;S2) such that

f f
S1i S1 _ S2i S2

H1(s1;S2)  Fa(s1;S2)
f

with O - Sj - sj.

1 The envelop e of coexistence is the set of all
points in the (s1;S2) plane that lie between the

curves ©41 and ©a».




Prelimina ry considerations:

(a) Assumption (H1) implies that each ﬁ,g IS

Increasing in both sq and s». Hence the growth
isocline G;j is a graph of afunction sy = %4(D;sq)
which is monotonically increasing in D and
monotonically decreasing in Sj.

Note: relaxing assumption (H1) may result in
non-monotone growth isoclines.

(b) The consumption curve ©; is a graph of
a function sy = ° i(sfl;sfz;sl) which is mono-
tonically increasing in sq and sfz and monoton-
ically decreasing In Sfl. Mo reover, the graph
Sp =~ i(sfl; sfz; S1) always contains points (0; 0)

and (s&;sg).
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Existence of equilib ria

W e distinguish three types of equilib ria:

! The trivial equilib rium Agg where ¢; = 0 and
Sj = s}c . It exists for all combinations of s!c 0

J
and D 0.

5

' The semitrivial equilib ria A1g and Agy where
only one species persists. The projection of
A1p onto the (s1;S») plane is an intersection
of G1 and ©71 (as shown above). Under as-
sumption (H1), both semitrivial equilib ria are
unique.



! The nontrivial equilib rium Ajq1 where both
species persist. Clearly, Ajq projects onto the
intersection of Gq1 and Go. In addition, this
intersection must occur within the envelop e of

co existence.

Remark. Under (H1), both G1 and G2 are
graphs of decreasing functions, but they can
intersect more than once. W e have constructed
examples with multiple coexistence equilib ria.



Envelop e of coexistence

5 F2(S1 i S1) i Feu(Sh i 52);
F11F22 1 F12F21

5 F1(Sh i S2) i F12(S) i 81):
F11F22 1 F12F21

C2

The gure shows the envelop e of coexistence.

The signs of both numerato rs are shown as
t=t Or j =j



Stabilit y of the trivial equilib rium

It Is easy to show that the trivial equilib rium is
stable if and only if

ﬁg(sfl;sfz) <D; iI=12

Reversing one inequalit y produces one positive
eigenvalue.

Therefo re, Agg is unstable if either A1g or Agy
exists (assumption (H1) is crucial here).

This argument applies to both unstructured
and structured mo dels.



Stabilit y of semitrivial equilib ria

Under assumption (H1),

A necessary condition for stabilit y of Aqg is that
r3(A10) < D.

Simila rly, a necessary condition for stabilit y of
Agy is that F‘%(AO]_) < D.

In case of the structured mo del, the if and only
if criteria for stabilit y of A1g and Agp remain
op en.



Stabilit y of nontrivial equilib ria

A necessary condition for the stabilit y of Aqq
IS the Inequalit y

det (Hl )det @(Fl’ ILZ)
12 F22 @(s1; Sz)

Geometrically , the rst determinant s positive
if and only if the projection (S1;S») of Ajq lies
below ©41 and above ©5. The sign of the sec-
ond determinant corresponds to the orienta-
tion of the vector pair (r r5;r r3). This con-
dition was originally formulated by Gilpin and
Justice (1970) in case of a simple unstructured

mo del.

In what follo ws, | will argue that this condition
is generally not suzcient for stabilit y of Aqq
even in the unstructured case.



Example A

(A) Both A1g and Agp exist, and F > D at
A1g and = > D at Ag; so that both Aig and
Agy are unstable. The growth isoclines shown
here as G1 and G2 must intersect within the
envelop e of coexistence. Furthermo re, the in-
tersection Aqp satis es the necessary condition
for stabilit .



Example B

(B) Both Ajgand Agj exist, and /) < D at Aqg
and + < D at Aps so that both Aqg and Agg
are stable. The growth isoclines shown here as
G1 and G2 must intersect within the envelop e
of coexistence. Furthermo re, the intersection

A11 violates the stabilit y condition and thus
A11 is unstable.



Why is assumption (H1) so imp ortant?

Relaxing this assumption may produce non-
monotone growth isoclines.

Consider an intersection of ©; and G;. Let
F! be the tangent vector to ©; oriented in the
direction of increasing s; and let r ﬁg be the
gradient of the specic growth rate. We say
that the substrates s4q and s» are

2 locally synergistic if r ﬁg ¢F! > 0
2 |locally antagonistic if r ﬁg ¢F!' > 0.

Biologically , the substrates are synergistic if in-
creasing both substrate levels along the con-
sumption curve results in the increase of the
speci ¢ growth rate and antagonistic other-
wise.



Synergistic vs. antagonistic substrates

F 1
\VALS

At the Iintersection A, the substrates are an-
tagonistic because r rj ¢F1 < 0. At the in-
tersection S, the substrates are synergistic be-
cause r r3 ¢F1> 0.

Assumption (H1) guarantees that r rig 2 R_%
and substrates are always synergistic.



Stabilit y of semitrivial equilib ria revisited:

A necessary condition for stabilit y of semitrivial
equilib rium A1g is that F3(A19) < D and the
substrates si1 and s» are locally synergistic at
A]_o.

A necessary condition for stabilit y of semitrivial
equilib rium Agp is that F7(Ap1) < D and the
substrates s1 and s, are locally synergistic at
Ao1.



Possible hysteresis e®ects

If the growth isocline G; is not monotone, then
it is possible to vary the feed concentrations
to generate the sequence of the consumption
curves such as ©1, ©5, and ©3. When © = ©1
or © = ©gj, there exists a unique stable equi-
librium. When © = ©», there exist two stable
and one unstable semitrivial equilib ria. If the
consumption curve variesas©q! ©,! ©3!
©o, ! ©1 the observed (stable) equilib rium will
follo w a hysteresis curve.



Suzxcient condition for a Hopf bifurcation (de-
rived for the unstructured mo del)

Supp ose that the coexistence equilib rium Aqq
IS such that

%g %g i1 raa
1 2 > . .

CIRNC P
with r r{ 2 RZ and r r3 2 RZ. Then it is
possible to vary each of the feed concentra-
tions s}c in such a way that A1; loses stabilit y
because a pair of complex eigenvalues crosses

the imgina ry axis.

Since we did not check the nonlinear terms
and/o r weak stabilit y of the bifurcating equi-
librium, we can only claim that the Hopf bifur-
cation occurs generically .



The inequalit y

r r
det( 11 21)> 0
rig roo

implies that the projection (s1;sSp) of Aqq is
located below ©1 and above ©». Now let us
keep sfl xed and vary the value z = sfz.

There exist values z; < sfz < Z4+ such that

For all z 2 (z; ;z+), the point (Sj1;S2) is be-
low ©1 and above ©». Thus, it is a projec-
tion of A11. Moreover, the determinant of
the variational matrix J(z) is positive for all
z2 (z; ;2+).

For z = z; , the pc,)int (s1;S2) belongs to ©;.
Therefo re, A11 = Aqp. Since r r% 2 Riz, the
variational matrix J(z; ) has two negative, one
positive, and one zero eigenvalue.



For z = z+, the point (s1;sS2) belongs to ©».
Therefo re, A11 = Ag1. Since r r3 2 R2, the
variational matrix J(z+) has three negative and
one zero eigenvalue.

Continuit y of eigenvalues now implies existence
of a Hopf bifurcation.



Discussion:

All of the above existence and stabilit y cri-
teria are related to the geometric prop erties
of growth isoclines and consumption curves.
Both curves can be obtained experimentally .

For a given dilution rate D, the growth iso-
cline can be obtained by measuring both resid-
ual substrate concentrations Sq1 and S» while
varying the feed concentrations Sfl and s».

For a given combination of the feed concen-
trations SE and sfz, the consumption curve can
be obtained by measuring both residual sub-
strate concentrations sq1 and S» while varying
the dilution rate D in the reacto r containing a
single microbial species.

Using such experiments, we should be able to
infer the behavior of mixed microbial cultures
from single microbial cultures. These experi-
ments can also be used to validate the mo del.



Future directions:

1 Analyze the limiting cases with slow and fast
enzyme dynamics to obtain necessary and suf-
cient conditions for stabilit y;

I Analyze global dynamics in case of substi-
tutable substrates;

I Generalize these results to imp erfectly sub-
stitutable and complementa ry substrates;

I Study the case of non-pure comp etition which
Includes excretion of by-products which may
serve as additional substrates or as inhibito rs.



